NOVEMBER 1955 


Arithmetic for Today’s Six and 
Seven-Year-Olds 


AGNES G. GUNDERSON 


The Abacus as an Arithmetic 
Teaching Device 


ROBERT W. FLEWELLING 


Take the Folly Out of Fractions 


JOSEPH J. LATINO 


I Went to an Arithmetic Workshop 
ANNIE A. TAFFS 


Can 2+2=11? 


G. T. BUCKLAND 


OFF 


—— 
; 
ay 
7, 
= 
= 
| 


THE ARITHMETIC TEACHER 


a journal of 
The National Council of Teachers of Mathematics 


Editor: Ben A. Sururz, State University Teachers College, Cortland, N. Y. 


Associate Editors: Ester J. Swenson, University of Alabama, University, 
Ala. Joun R. Cuarx, New Hope, Pa. 


All editorial correspondence, including books for review, should be addressed 
to the Editor. Advertising correspondence, subscriptions to Taz ARITHMETIC 
TEACHER, and notice of change of address should be sent to: 


The National Council of Teachers of Mathematics 
1201 Sixteenth St., N.W., Washington 6, D.C. 


Entered as second-class matter at the post office at Washington, D. C., June 21, 1954, un- 
der act of March 3, 1879. Additional entry granted at Menasha, Wis. 


OFFICERS OF THE NATIONAL CoUNCIL: 
President: Marie 8. Wilcox, Indianapolis, Ind. 
Executive Secretary: M. H. Ahrendt, Washington, D. C. 
Past President: John R. Mayor, Madison, Wis. 
Vice Presidents: Francis G. Lankford, Jr., Charlottesville, Va.; Milton W. 
Beckmann, Lincoln, Neb.; H. Vernon Price, lowa City, Iowa; Charlotte 
W. Junge, Detroit, Mich. 


Drrectrors: Howard F. Fehr, New York, N. Y.; Phillip 8. Jones, Ann Arbor, 
Mich.; Elizabeth J. Roudebush, Seattle, Wash.; Clifford Bell, Los Angeles, 
Calif.; William A. Gager, Gainesville, Fla.; Catherine A. V. Lyons, Pitts- 
burgh, Pa.; Jackson B. Adkins, Exeter, N. H.; Ida May Bernhard, Austin, 
Texas; Henry Swain, Winnetka, Ill. Recording Secretary: Houston T. Karnes, 
Baton Rouge, La. 


Tue Arirametic TEACHER is published six times per year, in October, November, De- 
cember, February, March, and April. The individual subscription price of $3.00 ($1.50 to 
students) includes membership in the Council. Institutional Subscription: $5.00 per year. 
Single copies: 50¢ each. Remittance should be made payable to the National Council of 
Teachers of Mathematics, 1201 Sixteenth St., N.W., Washington 6, D. C. Add 25¢ per year 
for mailing to Canada, 50¢ per year for mailing to other foreign countries. 


TABLE OF CONTENTS 


Page 
Arithmetic for Today’s Six and Seven-Year-Olds. .. Agnes G. Gunderson 95 
Implementing a Mathematics Program............... Arthur Hughson 102 


The Role of Experiences in Arithmetic.....................2.-00--. 
.......Goldie Nadelman and Elsie B. Paskins 104 
The Abacus as an Arithmetic Teaching Device. ... Robert W. Flewelling 107 


Take the Folly Out of Fractions.................... Joseph J. Latino 113 
An Experiment with Hand-Tally Counters............ Barbara Hooper 119 
Requiring Proof of Understanding........................ Olan Petty 121 
I Went to an Arithmetic Workshop................... Annie A. Taffs 124 
G. T. Buckland 126 


Learning Arithmetic from Kindergarten to Grade 6....Suchart Ratanakul 129 


| 
| 

x 

| it 

| 0 

ti 

| 

W 

u 

u 

al 

| b 

| 

| a 

p 

| ft 

| it 

b 

| is 

| 

n 

is 

b 


THE ARITHMETIC TEACHER 


Number 4 


Volume II 


November 


1955 


Arithmetic for Today’s Six- and Seven-Year-Olds 


AGNES G. GUNDERSON 
Moorhead, Minn. 


RITHMETIC FOR TODAY’S six and seven- 
yearn is made up of activities as 
well as commercially prepared materials 
(workbooks and textbooks); such activ- 
ities as playing store with real or toy 
money; constructing a grocery or post- 
office ; making number charts and arithme- 
tic scrapbooks for the reading table; 
measuring objects in the schoolroom; 
measuring each other’s heights and 
weights; activities centering around a 
unit on time-telling; a unit on money; a 
unit on measures; and many others. With 
such a varied content, arithmetic should 
always be interesting and challenging to 
our children from the first day of school. 

In this report I shall not take up work- 
books or textbooks except to say that it is 
most difficult, if not impossible, to carry 
out a well-rounded and complete arith- 
metic program for young children without 
a good workbook. Here we find arithmetic 
content arranged in a systematic way with 
provision for practice and maintenance; 
functional illustrations also aid the child 
in understanding arithmetic. A good work- 
book with accompanying teacher’s guide 
is a boon to the busy primary teacher. 

Workbooks represent the semiconcrete 
stage in arithmetic learning. Preceding 
this is the concrete stage wherein the child, 
through the use of objects or concrete 
materials, is given opportunities for dis- 
covering arithmetic ideas or concepts. It 
is this specific kind of arithmetic that the 
beginning teacher finds so difficult, this 
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first stage of number learning, namely, 
the concrete stage involving the use of 
objects to discover the ideas and meaning 
of arithmetic, and leading from this con- 
crete stage through the semiconcrete stage 
in which the child uses dots, lines, or geo- 
metric designs, into the abstract in which 
number symbols are used to represent 
quantities. 


Arithmetic Today 


Some terms that characterize the arith- 
metic of today are: 


1. Discovery by the children, 
demonstration by the teacher 

2. All children handling materials, not 
only the teacher 

3. Questioning by the teacher, not tell- 
ing 

4. Meaning, not drill (memorizing) 

5. Problem solving, preceding, not fol- 
lowing, the teaching of number 
facts 

6. Relationships are emphasized, not 
stimulus response 

7. Readiness for multiplication and 
division taught as early as Grade I 
and Grade II 

8. Fractions (concept, not symbol) in- 
troduced as early as Grade I and 
Grade IT 

9. Making original problems 


not 


Illustrating the first characteristic: dis- 
covery by the children, not demonstration 
by the teacher, includes two other char- 
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acteristics also, questioning by the teacher 
not telling, and all children handling ma- 
terials not only the teacher. Let us take as 
an example the addition fact 3+2=5. 
Some of us can recall how the teacher 
would demonstrate the addition fact while 
the children sat passively by. The teacher 
would hold 3 pencils in one hand asking, 
“How many pencils do I have in this 
hand?” Then showing 2 pencils in the 
other hand, ‘““How many do I have in this 
hand? Now (moving the two hands to- 
gether) how many do I have in all?” 
Following such demonstration the chil- 
dren were expected to memorize the addi- 
tion fact and use it in solving problems. 
Contrast that with a method that fosters 
discovery, wherein the children have had 
many experiences in grouping objects, 
and we might add here, that at times 
the entire arithmetic period of 20 or 25 
minutes may be used in working with 
concrete materials. Each child has 10—- 
15 counters. The teacher may give direc- 
tions such as: ‘Working with 6 counters, 
see how many different patterns you can 
make. When you have made a pattern 
with your counters, you may show it 
on the board.’”’ Usually these patterns are 
shown: the 6 counters in a row, vertical 
and horizontal ; 6 counters forming a circle; 
and the 6 counters arranged close together 
in one group. Encouraging further dis- 
covery the teacher asks for patterns that 
are different until all the different combi- 
nations: 3 and 3; 2 and 4; 5 and 1; have 
been discovered. Similar procedure is 
used with 8 counters, 7, 9, and 10. Children 
also solve problems in addition and sub- 
traction using counters at this stage. To 
illustrate, the teacher may say, ‘‘Use coun- 
ters to work this problem: 

Mary has 3 blue pencils. 

She has 2 red pencils. 

How many pencils does she have in all?” 
Because we want children to become famil- 
iar with the form in which they will later 
use the number fact, we encourage them 
to place one addend below the other, 
whether numbers or counters. The teacher 


remarks, “I like the way Dick has ar- 
ranged his counters.’’ Dick shows his ar- 
rangement on the board and explains it: 


000 (three pencils) She had 5 pencils 
00 (two pencils) in all. 


Later, after many such lessons and prob- 
lems, the number symbols will be added 
to this diagram when in response to the 
teacher’s questioning: “‘Is there any other 
way we can show 3 pencils and 2 pencils?” 
the children answer, “You can write 3 
pencils and 2 pencils.”’ This is the time to 
emphasize the various ways of showing or 
illustrating a problem. The teacher sees 
the three stages of number learning—the 
concrete, which is represented by objects 
or counters; the semiconcrete, which is 
the drawing of lines or circles on the board, 
and the abstract, which is number symbols: 


concrete semiconcrete abstract 
objects, 000 3 (pencils) 
counters 00 2 (pencils). 


From here it is but a step to writing the 
sum and the number fact is completed. It 
has been discovered in stages; the chil- 
dren found out by counting that 3 and 2 
are 5—this is the number fact; the last 
step, that of recording or completing the 
algorism, is writing the sum. Contrast this 
method which is discovery by the child 
with the early arithmetic teaching when 
the child was faced with the algorism 

3 
+2 and expected to learn it with only the 

5 
meager demonstration by the teacher of 
its meaning. 

When we say “Meaning—not drill’ is 
characteristic of today’s arithmetic, we do 
not eliminate drill, but drill must be pre- 
ceded and accompanied by meaning. Moti- 
vated practice and use of number facts in 
problem solving and in playing store will 
reduce the amount of drill formerly re- 
quired. 

Sharing or division experiences occur 
frequently in the daily lives of six and 
seven-year-olds. We hear remarks such 
as, “Give your sister half,”’ or the child 
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demanding: “Give me some,’’ and the 
generous: “I’ll give you half of mine.” 
Children find counters helpful in dis- 
covering multiplication and division. The 
following lesson shows how a skillful teach- 
er can challenge and hold the attention of 
young children. It is also an example of 
how insightful questioning can lead a 
child to discover new number ideas: “‘You 
may work with 6 counters now. See how 
many groups you can make with 2 coun- 
ters in each group. How many counters do 
you have in each group? How many 
groups do you have? How many 2’s do 
you have? Now put the 6 counters in one 
group again. This time put 4 counters in a 
group. How many groups did you get? 
How many 3’s do you have?” Note that 
this step is not followed by the question: 
How many are two 3’s? Be content to go 
slowly. The teacher continues: “I’m going 
to give you something harder this time. 
Arrange your 6 counters in 2 groups so 
that there will be the same number in 
each group.”’ The less mature child will do 
this by repeated subtractions, ‘1 in this 
group; | in this group,” and so on until 
the group of 6 has been divided into 2 
groups with 3 in each group; while the 
more mature child may see at once 3 and 
3. In similar manner, groups of 8, 4, and 
10 counters may be divided into 2 equal 
groups. It is well to give children experi- 
ence with uneven division at this time also. 
When children have divided groups of 6 
and of 8 counters into 2 equal groups, the 
teacher says, ‘‘Work with 7 counters this 
time. Arrange them into 2 groups with the 
same number in each group, just as you 
did with the 6 and the 8 counters. Some 
children will give up easily and say, “I 
can’t do it,’’ but there are usually some 
youngsters, who at the teacher’s urging to 
“try,” persevere and arrive at the con- 
clusion that it is impossible and cannot be 
done (except by breaking 1 in half). How 
much more thrilling it is for a child to dis- 
cover that it is impossible to divide 7 
counters into 2 equal groups than it is to 
have the teacher tell him that 7 is an un- 


even number and can not be divided into 
2 equal parts. The next step may be to 
arrange the 7 counters into 2 groups so 
that there will be 1 more counter in one 
group than in the other. Then working 
with an even number of counters, say 8, 
the children may be asked to arrange them 
into 2 groups so that there will be 1 more 
counter in one group than in the other. 
This also turns out to be an impossible 
task. Another interesting discovery is 
also made here: transferring 1 counter from 
one of the two equal groups to the other 
group, increases that group over the other 
by 2, e.g. Having 2 groups with 4 counters 
in each group, then transferring 1 counter 
from one group to the other leaves 3 
counters in one group and 5 in the other. 
Working with different numbers—even 
and uneven—children are able to general- 
ize that even numbers can be divided into 
2 equal groups, but with uneven numbers 
there will be a remainder. Children enjoy 
such challenges and frequently say, “Give 
us something hard; Give us something 
impossible to do”’; their enthusiasm in try- 
ing out this “trick” on their older brothers 
and sisters shows that to them Arithmetic 
is fun. 

From such grouping of counters it is 
but a step to solving problems, and just 
as problems in addition and subtraction 
should precede the teaching of those facts. 
so should multiplication and division prob- 
lems precede the teaching of those facts. 
Solving problems is motivation for mastery 
of number facts. 

In a study conducted at the University 
of Wyoming Elementary School, it was 
found that seven-year-olds who had had 
much experience in grouping counters, 
and also solving addition and subtraction 
problems with counters, could solve cor- 
rectly simple multiplication problems by 
addition, and division problems by re- 
peated subtractions. To illustrate, take 
this simple problem: 


What will 4 pencils cost at 3 cents each? 


Using counters or drawing lines children 
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showed four 3’s, then counted to get the 
answer. A few looked at the layout of 
counters and counted by 3’s 


Counters Drawing Numbers 


(concrete) (semi- (abstract) 
concrete) 

000 3 (The next step is 

000 3 the multiplica- 

000 is fF 3 tion fact 3 

000 ae ee 3 taught x4 
in Grade 
Three) 


Or take a problem in division: 

One candy bar costs 5¢. 

How many candy bars can I buy for 15¢? 
Some children worked with counters, 


separated groups of 5 and arranged them in 
rows: 


00000 
00000 
00000 


Some worked on a more mature level, 
solving the problem mentally, giving as 
explanation for the answer ‘3,’ “5, 10, 
15.” One child said, ‘“There are three 5’s 
in 15—6 and 6 and 6.” Taking another 
division problem: 

How many 3-cent stamps can I buy for 

17 cents? 


which is really a problem in division with 
a remainder, but easily solved by seven- 
year-olds who have had experience in 
grouping. The 24 second graders working 
individually arrived at the correct solu- 
tion: 5 stamps and 2 cents left. In no 
instance was the child confused as to the 
correct naming of the remainder. The 17 
counters were separated into groups of 3 
and arranged in rows: 


ooooco 
oooceo 


One child remarked, “If you had one more 
penny you could buy 6 stamps.” This 
early exposure to uneven division with 
concrete materials should eliminate much 
of the confusion in the child’s mind about 
remainders in division which we often see 


in later grades when division as a process 
is presented. If children are to understand 
and appreciate multiplication as a short 
cut in adding like numbers, they must 
have had many experiences in solving 
multiplication problems by addition; and 
in the same way, they must have worked 
many division problems by subtraction to 
fully appreciate division. Note that in this 
early work, the terms: multiply, multiplica- 
tion, and division are not used—only the 
word divide, and that only as it occurs in 
natural conversation; introducing such 
words at this time would only be a stum- 
bling block to the child and perhaps deter 
him in solving the problems with the 
equipment he already has (a knowledge 
of addition and subtraction). 

An understanding of fractions, such as 
one-half, one-fourth, and one-third is not 
too difficult for six and seven-year-olds 
if objects are used. Each child should be 
provided with objects which can be cut 
or folded into fractional parts. Paper plates 
to represent pies are often used; also 
circles, squares, and rectangles of paper 
which can be folded into halves and 
fourths. With papers marked into fourths, 
halves, and thirds, children have a good 
time as well as gain knowledge in such a 
lesson as this: ‘Take your paper that is 
marked into fourths; color 1 fourth red; 
color 1 fourth blue. How many fourths 
are colored? Leave 1 fourth uncolored, but 
color the rest of the paper any color you 
wish. What part will be the color you 
choose? Take the paper that is marked 
into thirds. Color 1 third green. Is more 
or less than one-half of the paper colored 
green?” 

A flannel board is very helpful in teach- 
ing fractions, as children can place parts 
of circles, such as halves, or thirds, or 
fourths over a whole circle to show how 
many of the parts are needed to make a 
whole circle. To many children the flannel 
board is as much fun as any game. One 
seven-year-old, working by himself, was 
intrigued by the discovery that one whole 
could be made up of 2 thirds and 2 of the 
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sixths in place of the other third. How 
much more meaningful the addition of 
fractions becomes after discoveries such 
as this. 

A student teacher working with a group 
of 8 six-year-olds showed them a candy 
bar and said, ‘‘Watch, and tell how I 
divide this candy bar.”’ As she cut it into 
halves, one child said, ‘You cut it in half.” 
The lesson continued: ‘“‘How much is this 
part? (one half) How much is this other 
part? (one half) How many people can 
have one-half of the candy bar? (two) 
Now watch as I divide another candy bar. 
Into how many parts has this candy bar 
been divided? (four) What is each part 
called? (one fourth) Point to a part that 
is one half of a candy bar. Point to a 
part that is one fourth of a candy bar. 
Which part is larger? How many children 
are there in our group? (8). Is there a 
piece of candy for each one?” Various com- 
ments were heard; ““You can make some 
of the pieces smaller, I could give part of 
mine to some one else.’’ The teacher con- 
tinues, “I’m going ww give some of the 
candy away. Tell me what part of the can- 
dy bar I give you.”’ As the fourths were 
given, each child responded ‘‘one fourth.”’ 
“Now do we have enough pieces left to 
give each of you one?” As the children 
looked at the remaining candy bar divided 
into halves, one child said, “If you cut 
each part in half, there will be 1 fourth 


1. Six children were playing in the yard. 
Two decided to go home. 
How many were left to play? 
Virginia 
2. I had 6 cents. 
I spent 3 cents. 
How much do I have now? 
Bonnie 
3. I had 16 bunnies. 
6 of the poor things died. 
How many were left? 
Lance 
4. Ricky had 52 cents allowance. 
I gave him 2 cents. 
How many cents does he have now? 
John 
5. I had 4 cents. 4 
I got 6 cents from my mother. + 6 
I spent 3 cents. — 
How many cents do I have left? 10 
Michael 


for all,’ (meaning 1 fourth for each of 
them). Is not this meaningful teaching? 
Try something similar with older children 
who have difficulty in understanding frac- 
tions; with several apples of the same size, 
some divided into thirds, then into sixths; 
some divided into halves, then into fourths, 
then into eighths, let children discover 
relationships between fractions, not only 
unit fractions, but also such fractions as 
3 fourths and 7 eighths, 2 thirds and 5 
sixths, and so on. 

Making original problems is a part of the 
arithmetic for today’s six and seven-year- 
olds. At first they will give problems 
orally, usually from their own buying or 
sharing experiences; later they will write 
and illustrate them. These problems then 
are collected and made into scrapbooks 
for the reading table, or each child may 
make a scrapbook of his own and take 
it home. When writing original problems, 
time is given for children to read them to 
the class and call on some one to tell the 
answer. Occasionally problems have a 
note of humor which is much appreciated 
by the class and bring forth remarks as 
“That’s a good one.” 


Problems by Children 


The following problems were written 
and illustrated by seven-year-olds in the 
Elementary School of the University of 
Wyoming. 


gg0000 
6 
ggpo000 -3 
3 
$6900 
0000 
0000 
52 
+ 2 
54 
10 (2-step problems had 
- 3 not been taught) 
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6. I had 80 cents 80¢ 
I wanted to buy some perfume that cost 40 cents for 1 bottle. —40¢ 
How much money would I have left? -—— 
Judy 40¢ 
7. I had two tablets. 2 


I used one tablet. 
Well! Well! I used another tablet. 
How many do I have now? 
Janna 
8. I had one peach. 
I cut it in half. 
I gave one half to my brother. 
How much do I have left? 
Jo Ann 
9. Mother gave me a pear. 
I ate half of my pear. 
How much do I have left? 
Denice 
10. Mother gave me a banana. 
I ate one fourth of it. 
How much do I have left? 
Alfred 
11. I had 2/4 of a pie. 
I ate 1/4. 
How many fourths do I have left? 
Bobby 
12. I had 2 oranges. 


* I cut one into halves and one into fourths. 


(Fraction symbols had 
not been taught) 


3 fourths 


(Fraction symbols had 
not been taught) 


oO @ 


How many halves and how many fourths do I have? 


Terry 
13. It was 3:00 o’clock in the morning. 
How many hours past midnight? 3. 
14. School starts at 9:00 o’clock. 
I got there at 20 until 9:00. 
How much time did I have to play? 
15. I had 20 children come to my party. 


12 children had to go home at 4:00 o'clock. 


before the party was over. 
How many children could stay? 8. 


Some children may write more advanced 
problems as this one of Robert’s, which 
according to textbooks would be classed 
as a problem involving borrowing in two 
places: 

I had $10. 


I spent 20¢. 
How much do I have left? $9.80 


Neither borrowing nor subtraction of 3- 
place numbers is taught in our second 
grade but this youngster knows money 
values. When asked how he worked the 
problem, he gave this explanation, “If 
I had spent $1, I would have had $9 left; 
and 20 from $1 is 80, so I would have 
$9.80 left.” (there was no computation on 
the paper). Another problem involving 
money was this one: 


2 halves 4 fourths 
(No computation shown 
on paper) 
(No computations) 


20 minutes 


(No computation) 


I bought 3 pens for $1.00, and a toy air- 
plane for 25¢. 

I paid with 4 pieces of money. 

What were they? 


| $1.00 | [ 10 | 


On his paper he had drawn four rectangles 
and marked them $1.00, 10, 10, 5. 
Arithmetic is one of the most challeng- 
ing of school subjects and as teachers we 
should help children see it that way. It is 
interesting to see how even seven-year-olds 
make use of the knowledge they have when 
solving problems which call for computa- 
tional skills far in advance of what they 
have been taught. Over a period of several 
years we have noted that a few of our 
second-graders solve correctly the most 
advanced problems given in the Metro- 


[5] 


| 
0 

(Dp one half 
| 
x 
( 

d 
] 
( 


NOVEMBER, 1955 101 


politan Achievement Test for Grade II. 
Children who had the correct answers were 
asked to tell how they had worked the 
problems. They had evidently solved them 
mentally as only a very few had any 
marks or clues on the paper. The problems 
and methods of solution are as follows: 


PROBLEM No. 15. 


Three children are coming to my house. I am 
going to give each one of them 3 cookies. I 
must have how many cookies for all of them? 


Thirteen had the correct answer (9). 
Five said, “3 and 3 and 3 are 9.” 
Four counted, 3, 6, 9. 

Two said, ‘‘three 3’s are 9.” 

One said, ‘3 times 3 are 9.” 


Only one child resorted to drawings or 
semiconcrete materials. The others han- 
dled numbers in the abstract. 


PROBLEM No. 16. 


Mother gave me 30 cents. I spent 5 cents for 
a sandwich and 10 cents for a ride on the bus. 
How many cents did I have left? 


Eleven children had the correct answer (15¢) 

Five added 10 and 5 to find out what was 
spent, then said they would have 15¢ left 
because 15 and 15 are 30. 

Three made two subtractions: 30—5=25; 
25—10=15. 

Two made drawings to find the answer. 

One child reasoned: 15 and 15 are 30; 30 take 
away 15. 


PROBLEM No. 17. 


An airplane went 90 miles the first hour and 
105 miles the second hour. How far did it 
fly in 2 hours? 


Six children had the correct answer (195) 

Five said they took the 5 off the 105, then 
added 100 and 90, then put the 5 on again. 

One said he took the 5 off the 105 and put 
it on the 90, that would be 95; then added 
100 and 95. 

Another made a very good estimate but did 
not have the exact answer—‘‘90 and 105 
should be about 200.” 


Roundabout ways—true—but the chil- 
dren used only the numbers pertinent to 
the solution; the 2 hours given in the prob- 


lem did not confuse or bewilder them and 
in spite of detours they reached the goal. 


Summary or Conclusions 


Discovery is the key word in today’s 
arithmetic. Discovery should not be inter- 
preted as readiness. As Dr. Ben Sueltz 
said at the meeting of the NCTM in 
Boston, Discovery is arithmetic. 

We must consider individual differences 
among children. There is no one pattern 
for all children to strive for. Children in a 
class vary in insight. It is the responsi- 
bility of the teacher to challenge each 
child; to keep him working at his optimum 
level of achievement; to encourage him to 
advance into the stage where he can work 
with abstract numbers, yet make him feel 
free to use the concrete and semiconcrete 
materials when he needs them. 

The skillful teacher questions more and 
tells less; she must listen while the child 
tells what he has discovered—perhaps the 
reverse of what she herself experienced 
in the primary grades when the teacher 
did the telling, explaining, and demon- 
strating while the child watched and 
listened. Learning takes time; the child 
must not be hurried in his discoveries; 
we must give him time as well as oppor- 
tunity to tell what he thinks and to explain 
how he figured it out. 


Eprror’s Nore. This article by Miss Gunder- 
son is an outgrowth of her presentation at the 
meeting of the National Council of Teachers of 
Mathematics in Boston, April, 1955. It is an 
excellent exposition of modern methods of 
learning arithmetic applied to younger children. 
Miss Gunderson has the experience and insight 
which are so necessary to the “artful question- 
ing” which she so well illustrates. She points out 
the need for pupil experience and participation 
at all stages of learning from initial discovery 
through practice at the symbolic stage. As 
teachers, we should not be distressed with the 
seemingly cumbersome methods which children 
frequently employ: they are discoverers, they 
are learning, they will finally arrive at the con- 
ventional methods used by adults but they 
will then have appreciation and understanding. 
One of the readers of Miss Gunderson’s manu- 
script remarked, “I wish I had learned arith- 
metic from her.’ 
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Implementing a Mathematics Program 


ARTHUR HuUGHSON 
Assistant Superintendent, New York City 


O PROGRAM OF EDUCATION can be 

more effective than the means, meth- 
ods and personnel selected to perform the 
implementation. Despite all claims to 
the contrary, teachers still find it easier 
to teach as they were taught than to teach 
the way they were (are) taught to teach. 
The old program in any area of the curricu- 
lum must first be held up for inspection 
before the eyes of those who do the teach- 
ing and supervising, its problems must be 
analyzed and pointed up, and the need for 
change indicated and emphasized through 
precept and example. The job of the 
researcher and administrator becomes that 
of selling the new because it holds more 
values than the old in child understand- 
ings, learnings and skills and makes pos- 
sible easier assimilation by pupils. Once 
teachers and supervisors can see these 
values, the new program is launched. 

The administrator of the program will 
find many problems, both foreseen and 
unforseen, as he progresses in his task; 
problems of creating new materials, prob- 
lems of selecting the personnel to do teach- 
er education and problems of constant 
evaluation and re-evaluation as the project 
proceeds. 

For a number of years, we in New York 
City knew that our children were not doing 
well in elementary school mathematics. 
Too many of our bright children looked 
at the subject as a meaningless chore or 
even as a bete noir while the slower pupils 
were obviously weighted down in the 
morass of despair with no hope of getting 
any help toward mastery of simple manip- 
ulation and understanding in the area of 
mathematics. 

In the fall of 1947, a tentative, new 
program designated ‘Developmental 
Mathematics” was organized experimen- 


tally on a city-wide basis. Twenty-three 
teachers who had been assigned to ‘‘Reme- 
dial Arithmetic’’ were reoriented toward 
this new program. This corps was selected 
by each of the Assistant (field) Superin- 
tendents! to spread the gospel of meaning- 
ful mathematics. After some time it be- 
came evident to the administration of the 
program that not only the teachers who 
were actually to do the teaching in the 
classrooms but the supervisors, too, would 
have to become familiar with the new 
philosophy. Courses and Workshops were 
organized for supervisors’ (and for teach- 
ers). A number of principals who had 
experimented in this area in one district 
agreed to give a series of three three-hour 
sessions on meaningful or Developmental 
Mathematics to their colleagues in other 
districts. 

One problem that resulted from the 
necessity of producing teaching materials 
was met by introducing the program slow- 
ly—in one grade—each year. The pro- 
gram of production and implementation 
of materials was developed cooperatively 
by the Bureau of Curriculum Research 
and the Division of Elementary Schools. 
Implementation began with Grade I in 
1948-49, and reached Grade VI in 1953- 
54. Even so there were times and occasions 
when we had to backtrack to orient new 
teachers appointed to various grades. 
Also, certain emphases which were neces- 
sary in the beginning of the project were 
modified as teachers and supervisors came 
to understand meaningful mathematics 
and as they developed procedures in 
harmony with the changing needs of 


1 There were 23 such areas. At present there 
are 25. 

2 Such courses, etc. had been organized for 
teachers before this. 
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children. For example, at first great em- 
phasis was placed on the use of concrete, 
illustrative materials. (The failure to 
use these as aids to mathematical under- 
standing was one of the criticisms of the 
old program.) As time went on we learned 
that it was necessary for teachers to learn 
more mathematics in order to help the 
pupils use concrete aids more effectively. 
Thus, too, in the beginning, we found it 
necessary to minimize in the first grade the 
teaching of number and hold off paper and 
pencil manipulation until well into the 
second year of the child’s school life.* As 
teachers became more adept we found 
that pupils could move somewhat faster 
without any handicap. 

The mathematics program was based 
on research. Evenutally, we came to ac- 
cept action research as an important 
step in curriculum development. Our 
course of study is the result of curriculum 
research and teacher and child experience 
and reaction. We feel today that nothing 
should be accepted as desirable curricu- 
lum or methodology which has not first 
been tested by learning (by the children) 
and teaching (by the teachers). 

The writer regrets that in order to cover 
the field many of the adopted activities 
are just barely mentioned and many of 
the problems are not even indicated. All 
this because only sketchy treatment can 
be given in a brief article to all those 
pressing problems that confronted us 
from day to day during the years of trial 
and experimentation. Some day the com- 
plete experiment will probably be written 
up. Only then will we have a picture of 
the durnal problems that had to be solved 
in launching the experiment, keeping it 
on even keel and bringing it safely into 
the harbor as a legitimate and desirable 
: portion of our curriculum. 


’ Children were admitted to the first grade at 
5 yrs. 4 mos. at this time. 
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Research Award not Granted 


At the time of the 1952 Christmas meet- 
ing of the National Council of Teachers of 
Mathematics, the Board of Directors ap- 
proved a recommendation of the Research 
Committee of the Council that a research 
award be made in the form of a $1,000 
scholarship to be awarded to the individual 
who has a masters degree and who sub- 
mits the best prospectus for a research 
study in learning problems in the field of 
mathematics, including arithmetic. 

Notices of this action were sent to col- 
leges and universities and an announce- 
ment was published in the October, 1953 
issue of The Mathematics Teacher. Certain 
basic conditions needed to be satisfied and 
a prospectus was to be submitted before 
January 1, 1955. The award was to be 
made at the annual meeting of the Council 
in 1955 if a prospectus deemed worthy of 
being so honored was received. 

Prior to January 1, 1955, a prospectus 
had been received from each of six people. 
The Board of Directors then appointed a 
panel of judges to review the material re- 
ceived and make recommendations con- 
cerning an award. The panel consisted of 
Zeke Loflin, Henry Van Engen, and Bruce 
Meserve, Chairman. 

This panel reported that after careful 
consideration of the manuscripts submit- 
ted it was recommended that no award 
be made this year. Some of the manu- 
scripts could not be considered because 
they did not comply with the conditions 
of the award. 

The committee made several sug- 
gestions with respect to other award possi- 
bilities. As a result of these suggestions 
the Board of Directors requested the 
Research Committee to reconsider the 
matter of awards and the encouragement 
of research and make more specific recom- 
mendations to the Board at a later date. 

News about future research awards will 
appear in this JouRNAL. 
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The Role of Experiences in Arithmetic 


GoLpIE NADELMAN AND E B. PAskins* 
New York City Public Schools, N. Y. 


N EVERY MODERN ELEMENTARY SCHOOL, 

there are many natural situations 
which provide opportunities for children 
to think about and to use numbers. Class- 
room and school experiences are important 
because they pave the way for planning a 
program of meaningful mathematics. 
Teachers welcome suggestions which help 
them in recognizing and utilizing experi- 
ences effectively, in setting up situations 
which create a stimulating learning en- 
vironment, and in stimulating children 
to play an active part in the learning ac- 
tivities. 

The following typical classroom experi- 
ence is rich not only in opportunity for 
emphasizing mathematical meanings but 
also in social significance and in practice 
for children to solve everyday problems 
that concern them. Arithmetic should be 
viewed not merely as a school subject but 
as a valuable part of out-of-school life. 


Planting Bulbs in Miss B’s Class 

The selling of bulbs in school is a familiar 
situation which makes mathematics a 
real, vital experience for chil- 
dren. It affords many oppor- 
tunities to develop mathemati- 
cal concepts, to reinforce 
others, and to develop the abil- 
ity to meet number situations 
which arise in connection with classroom 
activities. 

There was a great deal of action in Miss 
B’s class when the time came for the 


children to place their bulb orders. Here 
was a class project in which all could 
participate. The children talked it over, 
planned together, and came to the de- 
cision that it would be best to work in 
groups. 

Sally’s group was chosen to handle the 
money. A specific time was set for this 
task each day. This was a very important 
job. The children would have to make 
change, stack coins in piles, and count 
the money. Narcissus bulbs sold for 5¢ 
each, crocus bulbs for 3¢. The children, 
with Miss B’s help, made up a price list 
to be used as a guide by this group and 
the class as a whole. 

Tim’s group was in charge of the order 
slips. The children had to check every slip 
to see that it was filled out correctly and 
that the total amount of each was correct. 


| 


Jane Smith 


Name 

Class: Miss B wes 
No. Cost Total 

Narcissus 2 5¢ | 

13¢ | 


* Misses Nadelman and Paskins are elemen- 
tary school mathematics coordinators in dis- 
tricts 21 and 22 of New York City. This unit 
was worked out in Assistant Superintendent 
Johanna Hopkins’ district. 


10 | 
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NARCISSUS—5¢ each 


| | | 25¢ | 30¢ | 35¢  40¢ | 45¢ | 50¢ | 


CROCUS —3¢ each 


| | | 12¢ 15¢ | 18¢ | | | 27E 
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Bob’s group had to be ready to get the 
bulbs when they arrived. A very large ba- 
sin would be needed, much larger than the 
one used to wash the board. Perhaps two 
would be needed. These children would 
have to check the bulbs to be sure they re- 
ceived as many as had been ordered. 

Emily’s group was to distribute the 
bulbs. They worked very closely with 
Tim’s group, the children who were re- 
sponsible for checking the order slips. 

Sally’s and Tim’s groups worked hard. 
They kept very careful accounts which 
they checked with Miss B every day. All 
this was completed by the end of the week. 
The money was changed into bills and sent 
off to Mr. K’s office. The class order sheet 
went along with it. 
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tom. Everyone would be able to see just 
what was happening. The yellow bowl 
looked large enough for two. It was quite 
wide. The bulbs would not be too crowded. 
The children had to use good judgment 
and give their reasons for the selection of 
the containers. 

Miss B had her pebbles 
and fiber ready. She put 
one bulb into a jar about 
three-fourths full of water; 
another into a jar about 
half full of colored pebbles 
and water; the two for the 
bow] were planted in fiber. 

The children were now ready for the 
next step. Miss B’s bulbs had to be placed 
in a dark closet for about three weeks. 


| Class: Miss Room 302 Nover, ber 

| Bulb Order 

| | Cost / 2 4 % 

No. | Total 7 9 10 18 3 
| Each 

| 

| Narcissus 35 | 5¢ $1.75 4 1s 46 7 / x 
Crocus | 18 | 3¢ | 54 | 422 25 Cars 7 

Total Amount $2.29 28 29 30 


When the long awaited notice came to 
let the class know the bulbs had arrived, 
Bob, Emily and their helpers went into 
action. Each child in the class received 
exactly what he had ordered—no errors, no 
tears. 

The bulbs were compared as to size and 
shape. Carol noticed that her narcissus 
was much larger than Dick’s crocus. She 
wondered if her flowers would be larger; if 
her plant would grow taller. 

Miss B decided to plant her own four 
bulbs. It would be fun to watch them 
grow. The children were anxious to help 
her. Were there any containers in the room 
that could be used? Those two jars looked 
just right. The checks were small enough 
so that the bulbs would not fall to the bot- 


They went in on November 3rd. The 
calendar was used to find out when they 
would be ready to come out of their hiding 
place. November 24th was the day. 

When Miss B’s bulbs were removed 
from the closet, the children examined 
them very carefully. They had not all 
grown exactly alike. Some shoots were 
taller than others. It was decided to keep 
a record to show which bulb thrived best; 
the one in the water, the one in the peb- 
bles, or one of the two in the bow! of fiber. 
Every two weeks the bulbs were measured 
with a twelve-inch ruler and the results 
recorded on a chart. A different color line 
was used to show each plant’s growth. In 
printing these are shown by letters A, B, 
C, D. 
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The two plants which had been planted 
in the fiber bloomed first. The children 
decided to share what they had discovered 
with other classes and explain their graph. 
Children volunteered to do this. 

The activity was one in which arith- 
metic played an essential part. The chil- 
dren had opportunities to check quanti- 
ties; to use money, and to learn the 
purchasing value of the various coins; to 
stack money to facilitate counting; to 
make change. Ordering involved careful 
writing of numbers, tallying, and addition. 
The children were keenly aware of dura- 
tion of time and sequence of events. They 


D A C Dp A 


BC 


used the calendar as a means of measuring 
and recording time. They learned to make 
a graph and to refer to it to get informa- 
tion. 


Epitor’s Nore. In an experience unit like 
this one dealing with bulbs, a good deal of 
“thinking and discovery”’ arithmetic is involved. 
Also there is ample opportunity for coordinating 
arithmetic with areas such as language arts, 
science, and social studies. The big problem 
in an experience involving a whole class is to 
get each pupil to think independently so that 
his learning really belongs to him and is not 
merely the repetition of the learning of the more 
able pupils. Experienced teachers know how to 
follow through an experience unit and provide 
the needed practice so that the products of 
thinking and discovery will be retained and ap- 
plied. 


106 
Dee. 
A 
| 


The Abacus as an Arithmetic Teaching Device 


Rosert W. FLEWELLING 
Harvey Scott School, Portland, Ore. 


HE INSTRUCTIONS that you are about 

to read should help you to understand 
arithmetic better by showing you, step 
by step, how different kinds of prob- 
lems can be done on the oldest kind of 
adding machine in the world. Because each 
step will be harder than the one before it, 
you should work each problem with pencil 
and paper to help you understand as you 
go. It would also be a good idea to make up 
some extra problems to check your under- 
standing. If you have trouble anywhere, 
you will probably find that you have not 
understood something in an earlier step. 

The counting frame (or abacus) is a 
simple frame holding parallel rows of 
beads. On our abacus, there are ten beads 
in each row—nine of one color and one of 
a different color. If you will hold the 
abacus so that the rows of beads are up 
and down with all of the beads pushed up 
above the center bar and the different 
colored single beads on the top, you will be 
ready to use it. 

As you look at the abacus now, the row 
of beads on the extreme right represents 
the ‘“‘One’s column.”’ This means that each 
bead in this first row has a value of one. 
Pulling the beads down to the bottom of 
the abacus “writes’’ the numbers. Thus 
seven beads on the lower half of the first 
row would stand for seven ones, or as we 
say in reading it, seven. 

Now look at the second row of beads 
from the right. Each bead in this row has 
a value of ten of the beads in the one’s 
column. We can compare these beads to 
coins. We know that ten pennies have the 
same value as one dime and that a dime is 
equal to ten pennies. Later we shall learn 
to use this idea to “trade” ten one’s for 
one ten or one ten for ten one’s. This will 
not change the value of the number with 


which we are working. At this time, just 
remember that each bead in the ten’s 
column is worth ten beads in the one’s 
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column. Therefore, if we pull three beads 
down to the bottom in this row, we 
“write” three tens or, as we say, thirty. 
These three tens then, with the seven ones 
that we pulled down first, make the num- 
ber thirty-seven. 

In the third column of beads from the 
right, each bead has a value of one hun- 
dred. Pull down two beads to make our 
written number read two hundred thirty- 
seven. 

Now you have probably guessed that 
each bead in the fourth row has a value of 
one thousand, in the fifth row ten thou- 
sand, and in the sixth row one hundred 
thousand. You could go on with millions, 
ten millions, hundred millions, and so on 
indefinitely if you had a long enough frame 
to hold enough strings of beads. 

With this simple machine, you can add, 
subtract, multiply and divide. In fact 
hundreds of thousands of businessmen 
around the world are using it this very day 
in their work. There may even be a busi- 
ness in your neighborhood where one is 
being used. It might not look just like the 
one we are using, but it works in the same 
way. 


dditi 


Addition is easy with the abacus. We 
already have two hundred thirty-seven 
“written.’’ Let’s add five hundred forty- 
one to this number. All that we need to do 
is to pull down one bead in the dne’s 
column, four beads in the ten’s column, 
five beads in the hundred’s column, and 
count the beads in each column to read our 
answer: seven hundreds, seven tens, and 
eight ones—or seven hundred seventy- 
eight. 

Now, if you are sure that you under- 
stand what we have done so far, let’s try 
adding two hundred eighty-three to the 
seven hundred seventy-eight that we now 
have. As you can see, there are only two 
beads left above the center bar in the ones 
column so we cannot simply bring down 
three ones. Remember however that we 
can trade one ten for ten ones as we ex- 
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plained earlier with pennies and dimes as 
examples. We can also trade one hundred 
for ten tens, one thousand for ten hun- 
dreds and so on. Notice that the top bead 
in each column is the same color as the 
nine beads in the next column to the left. 
This is to remind us that ten beads in any 


column have the same value as one bead 


in the next column to the left. Now, to get 
back to our problem, if we pull down the 
two beads that are left above the center 
bar in the one’s column, we can exchange 
them for one bead in ten’s column by 
pushing them all up again and pulling 
down one bead in the ten’s column. This 
move added two ones to seven hundred 
seventy-eight and gave us more one’s to 
pull down; we must still pull down another 
bead in the one’s column to make a total 
of the three ones that we are adding to our 
original value. 

We need to add eight tens now to our 
partial sum. Since we have two beads left 
at the top in the ten’s column; pull down 
the two tens, push all of the tens back up, 
and pull down one hundred. This added 
two tens to our partial sum but we needed 
eight tens so we can now pull six tens back 
down to make eight tens added. 

There are now two beads left above the 
center bar in the hundreds column. To add 
two hundreds, pull down the two above 
the line. Our number now reads ten hun- 
dreds, six tens and one one, but ten hun- 
dreds are the same as a thousand. There- 
fore, we push all of the hundreds back up 
and pull down one thousand. Our number 
now is one thousand, no hundreds, six tens 
and one one which we read as one thou- 
sand sixty-one. 

In writing this number on paper, we 
would have to put a zero in the hundreds 
place to show that there are no hundreds 
in it. This we can call “holding the place’’ 
of hundreds for, as you can see on the 
abacus, each place has a value whether it 
is occupied or not. If a place is occupied, 
we call the number that occupies one place 
a digit. The invention of the zero to show 
that a place is there, even though it is not 


= 
| oc 
| th 
| m 
| tic 
ar 
av 
th 
fo 
th 
| de 
on 
| tw 
lee 
| te 
| hu 
su. 
| we 
| w 
on 
| be: 
on 
on 
ch: 
| lov 
on 
we 
on 
ha 
ing 
ter 
pu 
| alr 
mc 
eig 
lea 
hu 
do! 
on 
ab: 
| are 
so 
| eve 


NoveMBER, 1955 109 


occupied by a significant digit, was one of 
the most important steps in the develop- 
ment of our modern arithmetic. 


Subtraction 


Subtraction is just the opposite of addi- 
tion. Adding is putting one number with 
another; subtraction is taking one number 
away from another. Let’s start by sub- 
tracting two hundred twenty-eight from 
four hundred forty-eight. Starting with all 
the beads at the top as in addition, pull 
down four hundreds, four tens and eight 
ones. Then push eight ones, two tens and 
two hundreds back up to the top. This 
leaves our answer of two hundreds, two 
tens and no ones which we read as two 
hundred twenty. 

That was an easy problem. If you are 
sure that you understand how it was done, 
we shall now subtract eighty-seven from 
the two hundred twenty that we had left. 
We can’t take away seven beads from the 
one’s column as it is, because there are no 
beads below the center bar. We can trade 
one ten for ten ones just as we traded ten 
ones for one ten in addition without 
changing the total value of the beads be- 
low the line. Therefore, we can push up 
one ten and pull down the ten ones. Now 
we can take away seven ones by pushing 
seven beads back up to the top. There is 
one bead left in the ten’s column but we 
have to take away eight tens. Take away 
the one bead in the tens column by push- 
ing it up and then trade one hundred for 
ten tens by pushing up a hundred and 
pulling down ten tens. Now, since we have 
already taken away one ten, push seven 
more tens back up to the top to make the 
eight tens that we are subtracting. This 
leaves our answer at the bottom: one 
hundred thirty-three. 

Now if you understand what we have 
done so far, clear the abacus and try this 
one: take nine from one hundred on the 
abacus. This one is a little tricky. There 
are no beads “written” in the one’s column 
so we can’t take nine away as it is. How- 
ever, there are no beads in the ten’s 


column either so we can’t borrow there. 
There is one bead in the hundred’s column 
so we can trade it for ten tens by pushing 
it up and pulling the ten tens down. Now 
we can trade one of those tens for ten ones 
by pushing one ten up and pulling ten ones 
down. We can now take away the nine ones 
by pushing them back up. Our answer is 
left at the bottom again, nine tens and a 
one, or, ninety-one. 


Multiplication 
We have already seen that subtraction 
is the opposite of addition. Now we shall 
see that multiplication is closely related to 
addition. As a matter of fact, we could say 
that multiplication is a short form of addi- 
tion. Let’s use a simple example: 4345 
We work this: 
345 
x4 
1380 


but we could work it: 


345 (using 345 as an addend 4 times) 
345 
345 
345 


1380 


Similarly, we can do any other multipli- 
cation problem by using the multiplicand 
as an addend as many times as is required 
by the multiplier. It would, of course, be 
a long tedious process to do any very dif- 
ficult problem this way on paper, but this 
is basically the method used by a modern 
calculating machine in doing multiplica- 
tion problems. Let’s do another simple 
example: 234345 We would do this 
problem on paper: 

345 
234 


4X345 1380 
30 X345 10350 
200 X345 69000 


80730 


On paper, we usually leave off the zero 
shown at the end of the ten’s product, the 
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two zeros at the end of the hundred’s 
product and so on. We do move those 
products over the necessary spaces, never- 
theless, which accomplishes the same pur- 
pose as the space holding zero. 

To do this problem the long way we 
could use 345 as an addend 234 times just 
as we used it four times in our first exam- 
ple of multiplication. The following solu- 
tion may suggest a simplified method of 
getting the same results: 


1X345 345 

4 times 345 
345 

345 

10 X345 3450 
3 times 3450 
3450 

100 X345 34500 
2 times 34500 
80730 


As can be seen, we can work this prob- 
lem in this way on the abacus by first 
adding one times the multiplicand the 
number of times indicated by the digit in 
the one’s column in the multiplier. Next 
we add ten times the multiplicand the 
number of times indicated by the digit in 
the ten’s place in the multiplier (in this 
case we do this by using 345 as an addend 
three times on the tens, hundreds, and 
thousands column and carrying to the ten 
thousands column when it becomes neces- 
sary). Last we add one hundred times the 
multiplicand the number of times in- 
dicated by the digit in the hundred’s place 
in the multiplier (in this case we use 345 
as an addend two times on the hundred’s, 
thousand’s, and ten thousand’s columns. 

This process takes more time than it 
would to do the same problem on paper, 
but a modern calculating machine is com- 
paratively slow in working this type of 
problem also. The reason is that a calcu- 
lator does the problem just as we do it on 
the abacus. 


Division 
Division like multiplication is a short- 
cut. Just as multiplication is a short way 
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to do addition, division is a short way to 
do subtraction. 

When we say, ‘“‘Divide 147 by 12,” we 
are saying in effect, ‘‘How many 12’s are 
there in 147?” We could find the answer 
by subtracting 12 from 147 as many times 
as possible and counting the number of 
times we subtracted (which would give us 
our quotient) and any number smaller 
than our divisor that was left over would 
be the remainder. This would be doing our 
problem the hard way. 

A simpler method of doing it should sug- 
gest itself in the following solutions: 

On paper we would divide: 


12 

12) 147 

10 X divisor — 120 
27 

2 Xdivisor —24 
ry 

But we could subtract 

147 

10 X divisor — 120 
“27 

1 X divisor —12 
1 Xdivisor —12 
3 


As you can see, we could subtract one or 
ten or one hundred or one thousand or ten 
thousand, etc. times the divisor as many 
times as possible using the largest of such 
values that can be subtracted from our 
dividend as our first subtrahend (the 
number of times we subtract at this stage 
is the first digit in our quotient). Then we 
can subtract each smaller multiple of ten 
in turn as many times as possible to find 
the subsequent digits in the quotient. 
When our remainder is smaller than our 
divisor, if there is a remainder, that value 
is the remainder for our problem. 

We can now do our division problem in 
this way on the abacus and from this 
example we can generalize the method for 
doing any division problem. 

To divide on the abacus, first ‘‘write’’ 
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the dividend below the center bar by pull- 
ing down the required number of beads in 
each column. Then, starting from the left, 
use only as many columns of beads as you 
must in order to give a number larger than 
the divisor (we might call this number a 
partial dividend). Subtract the divisor 
from this partial dividend until the re- 
mainder is smaller than the divisor or 
zero. The first digit in the quotient is the 
number of times you subtracted the 
divisor from this first partial dividend. 
Then move to the right and include as 
many more columns as you must in order 
to provide another partial dividend larger 
than the divisor. If more than one extra 
column is needed, insert a zero in the 
quotient for each additional column (other 
than the first). Once again subtract the 
divisor from this partial dividend until the 
remainder is smaller than the divisor. The 
number of subtractions from this partial 
dividend is the next digit in the quotient. 
The foregoing processes are repeated 
until the dividend has been “used up.” 
The final remainder will then be the re- 
maining beads below the center bar (which 
must, of course, represent a number 
smaller than the divisor). The quotient 
will be the accumulated series of digits 
representing the number of subtractions 
with the first partial dividend and with 
each added column moving to the right. 


Epiror’s Nors. Mr. Flewelling has written 
the directions for a demonstration so clearly 
that any teacher should be able to follow them. 
There is a certain amount of drama and romance 
in learning to use a device such as an abacus. 
Many Orientals who are not familiar with the 
Hindu-Arabic number system are more pro- 
ficient with an abacus than most of us are with 
our numerals and with our best calculating 
machines. However, the greatest value in using 
an abacus comes from gaining insight into the 
number system and our modes of calculating. 
Frequently the modes of ‘‘figuring’”’ which pupils 
themselves develop are very similar to those 
employed several hundred years ago before 
modern algorisms became so firmly established. 

The illustration shows how Mr. Flewelling’s 
abacus was made. He has inserted six wires into 
end blocks and screwed these to a rigid back- 
board. Perhaps large colored beads can be pur- 
chased in your locality. The other materials 
are easily obtained and assembled. Do you 
like his suggestion that the tenth bead in each 
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column be the same color as the bottom nine 
beads on the column to the left? We must al- 
ways remember that any device such as an aba- 
cus is worthwhile only if it is employed so that 
desirable learnings ensue. Why not try Mr. 
Flewelling’s demonstration with a class, at a 
teachers’ meeting, or at a parents’ meeting. 


Who Counts? 


WiuuraM §. Hickry 
Arrondale School, Great Neck, New York 


NCE UPON A TIME there was a little, 

three-year-old, yellow-haired boy, 
whose mother and father were sad be- 
cause the little boy didn’t know how to 
count. 

“Look,” they said. “‘Listen to him!’ 

“Count for the man,” they said. “Go 
ahead, one—two—three—.. .”’ 

And the little boy smiled, and said, 
““One—three—fourteen—six—twelve.”’ 

The two parents looked at each other. 
They shrugged their shoulders. They 
raised their eyebrows. ‘‘See,’”’ they said. 
“He doesn’t know how to count. It must 
be hereditary,” ““He’s so young, too, poor 
little kid.” 

So they went along hoping that maybe 
the little, yellow-haired boy would be 
talented in art, maybe, or be able to 
speak four languages, because they were 
sure he’d never be able to do arithmetic. 

But the little, yellow-haired boy, and 
his puppy dog that went to bed with him, 
smiled and were happy because they 
knew. They knew very well that the little 
boy COULD count. 

The little boy pointed at his blocks and 
counted, ‘One—three—fourteen—six— 
twelve... .” 

But the mother and father looked at 
each other. They shrugged their shoulders. 

“It must be hereditary,’ they said. 

So they went along hoping that maybe 
the little, yellow-haired, three-year-old 
boy would be talented in music, maybe, 
or be able to whistle through his teeth, 
because they were sure he’d never be able 
to do arithmetic. 
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But the little, yellow-haired boy and 
his puppy dog that went to bed with him, 
smiled and were happy because they 
knew. They knew very well that the little 
boy COULD count. 

The little boy pointed at his toes and 
counted, ‘“One—three—fourteen—six— 
twelve. ...” 

The parents looked at each other and 
shrugged. Then they looked at the little, 
seven-year-old girl from next door. They 
said, “Listen to him.”’ 

“He doesn’t know how to count,” they 
said. And they shook their heads. 

But the little-seven-year-old girl from 
next door was thinking of something else. 
She said, “May we have some cookies? I 
like cookies.” 

And the little, seven-year-old girl 
climbed on a chair and lifted down the big 
cookie jar. ‘Now, We'll have some cook- 
ies,”’ she said. 

Since she was a polite little seven-year- 
old girl, she offered the cookie jar to the 
little, yellow-haired boy and said, ‘‘Have 
some.” 

The little yellow-haired boy smiled and 
took three cookies, because three cookies 
fit so nicely in his hand. 

“Look,” said the little, seven-year-old 
girl, “he took three cookies.”’ 

The parents of the little, yellow-haired 
boy looked at each other. They nodded 


Tue ARITHMETIC TEACHER 


their heads. “SHE can count.”’ they said. 
“Why can’t our boy? It must be heredi- 
tary,” they said. 

The cookie jar was so big that the little, 
seven-year-old girl could not put her hand 
in the jar and hold it, too. So the little, 
seven-year-old girl said to the little, 
yellcow-haired boy, “Take some cookies 
out for me. Give me just as many as you 
have, ‘‘she said. 

And the little, yellow-haired boy smiled, 
and he reached into the cookie jar and 
took out a cookie. Then he reached in 
again and took out another cookie. Then 
he reached in again and took out another 
cookie. And the little, yellow-haired boy 
gave the three cookies to the little seven- 
year-old girl. 

The parents looked at each other. They 
raised their eyebrows. They said to the 
little, yellow-haired boy, “Count your 
cookies.” 

The little yellow-haired boy looked at 
his three cookies and said, ‘“One—three— 
fourteen.” 


Epritor’s Note. Many youngsters who 
learned rote counting from their parents or 
playmates and say the counts in correct se- 
quence have no better understanding of count- 
ing and its significance than the little yellow- 
haired boy. To him ‘“three—fourteen—six”’ 
might be entirely satisfactory in sequence and 
he might even have a good ‘one-to-one corre- 
spondence” concept. 


PLAN NOW TO ATTEND THE WINTER MEETING 


of 


THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


Sheraton Park Hotel 


Washington, D.C. 


December 27-30 


Many interesting discussions ranging from primary arithmetic to college mathematics 
plus special tours arranged for members of the National Council. Come to your national 


capital for pleasure and profit. 
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Take the Folly Out of Fractions 


JosePH J. LATINO 
Northport, New York 


NE OF THE OBVIOUS TENETS of modern 
() arithmetic teaching is that we must 
not encourage children to repeat rote style 
a manipulative process without meaning 
and understanding. At least the pupil 
ought to be able to explain in a reasonable 
manner whatever processes he performs 
with numbers. While there are other facets 
in the meaning theory of arithmetic in- 
struction, many people are spending time 
attempting to lend at least some reason to 
the mechanical processes every child seems 
to learn. 

As evidence of this witness Edwin 
Eagle’s' caution in the October, 1954 issue 
of this magazine, ‘‘Don’t Let That In- 
verted Divisor Become Mysterious,’’ fol- 
lowed by Sam Duker’s’ “Rationalizing 
Division of Fractions’’ in the December, 
1954 issue. Both articles show concern for 
the ridiculous practice of teaching chil- 
dren that in the problem 3/4 divided by 
2/5 we are only fooling and we meant 
multiply. What is more, can 2/5 be 
changed to 5/2 with impunity? Mr. Duker 
suggests that we teach children the simple 
expedient of multiplying both fractions 
involved in the division of fractions by the 
same number, specifically the reciprocal of 
the divisor. There is no “flipping over’’ of 
numbers (as if it does not matter that 2/5 
is not worth 5/2) and no distortion of the 
injunction to divide. 

The concern for the division of fractions 
is symptomatic of the desire to clarify 
many of the things we continue to teach 
children concerning fractions. Therefore, 


1 Eagle, Edwin, “Don’t Let that Inverted 
Divisor Become Mysterious,’’ THE ARITHMETIC 
TEACHER, October, 1954. 

2 Duker, Sam, ‘‘Rationalizing Division of 
Fractions,” THe ArirHMETIC TEACHER, Decem- 
ber, 1954. 


we might address ourselves to the larger 
problem of methods of teaching fractions 
in general. This article will attempt to: 
(1) Examine some of the words and ideas 
we presently use in the teaching of 
fractions. 
(2) Discuss a method of defining the frac- 
tion for the child. 
(3) Discuss a method of beginning the 
addition and subtraction of fractions. 


Verbiage in the Teaching of Fractions 


In arithmetic many of the words we use 
confuse understanding. Let us take the 
term “least common denominator.” It is 
questionable whether this Jabel makes for 
sound arithmetic. For example, consider 
the addition of the fractions 2/3 and 3/4. 
Most children would say that the “least 
common denominator” is 12, which is, of 
course, correct. But have we taught them 
anything meaningful that will help them 
understand what they are doing. Indeed, 
have we taught them something that 
makes sense? This observer thinks not. 

First of all, if denominator means name 
of the part or size of the part of the whole, we 
agree that common denominator implies 
the same size or kind of part. It is doubtful 
whether this is ever clear to children. But 
let us assume that it is. To most everyone 
‘least’? means smallest. Then is the child 
right in saying that this is the smallest 
kind of part or the smallest size into which 
we can break 2/3 and 3/4? Hardly, since 
24ths are a smaller size than 12ths. In fact, 
for every “least size’”’ which the reader can 
name, we can name a size that is “more 
least.”’ It is clear then that 12ths is not the 
least from the standpoint of size, which is 
the meaning of denominator. It is equally 
clear that it is not the least common of the 
denominators we might choose. No de- 
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nominator is any less common than any 
other as used in this context. 

The only valid interpretation of the 
phrase “least common denominator”’ is to 
insist that it is the smallest ‘‘number’’ on 
the bottom into which both thirds and 
fourths may be conveniently broken. It is 
true that 12 is a smaller number than 24. 
But, when we are adding fractions, de- 
nominators are not numbers in the ordi- 
nary sense. If they were, we could add 
them as ordinary numbers. Thus: 

it+ti=$ 
The very reason we cannot add the de- 
nominators in this fashion is that they are 
not numbers but names of sizes. We can- 
not consider 12 a number in one breath 
and not a number in the next breath and 
make sense to children. 

It might be noted here that in later 
mathematics the cause of much of the dif- 
ficulty in the study of variation can be 
traced to this encouragement given the 
idea that 12 as a denominator is smaller 
than 24. Variation, especially inverse vari- 
ation, is largely dependent on the notion 
that as 3/4 changes to 3/8 the whole 
fraction becomes smaller. While it is true 
that we say ‘‘as the denominator increases 
the value of the fraction decreases,’ we 
are usually considering quantities such as 
current in the relationship R = V/I. In the 
elementary school we are dealing with a 
relatively unsophisticated mind. Con- 
sistency helps the early learner. If he learns 
that thirds are larger than 12ths in the 
concrete stage, his methods of manipula- 
tion must reflect that truth, not deny it. 

“Least common denominator’ en- 
courages another questionable able reac- 
tion in children. Place the fractions 1/3 
plus 3/4 in front of a group of ninth 
graders. Ask them if we can make the 
“common denominator” seven. Invariably 
the answer is no. Indeed the insistence 
that it must be twelve is deafening. Yet, 
to the mathematician there is no law pro- 
hibiting us from finding out how many 
sevenths there are in 1/3 and 3/4. To the 


adult mind it is obvidts that we prefer to 
change this problem to 12ths because in 
that form it is much easier to handle. If we 
changed the fractions to sevenths, we 
would have fractional numerators. But 
that does not mean we cannot change any 
fraction to whatever type of parts we wish. 
Sueltz in his test series on ‘Functional 
Evaluation in Mathematics’’* has a prob- 
lem involving the fraction 34/7. It is in- 
teresting to note the concern with which 
ninth graders regard the problem. 

Not being capable of mature judgments, 
children should be carefully shown that we 
choose 12ths because we want a conven- 
ient part. That fifths or sevenths are also 
possible must be made clear. This would 
seem like good, sound mathematics. 

Or consider the phrase “reduce to low- 
est terms.’ What does this mean to a 
child, or more important, can it mean any- 
thing at all, even to an adult? We shall use 
the fraction 6/8 as a case in point. If we 
give the direction “reduce to lowest 
terms,’”’ everyone says 3/4. At this junc- 
ture, ask children if 3/4 is smaller than 
6/8 and not a few say yes. After all they 
have “reduced” it. Usually most children 
see that this doesn’t make sense once they 
have thought about it even for a minute. 
Well, then what have we reduced if the 
fraction is still worth the same. We cer- 
tainly haven’t reduced the size of the 
parts. Fourths are larger than eighths. 
We have reduced the number of pieces 
which is probably what “lowest terms”’ 
was meant to imply. Yet, is there a reader 
bold enough to assert that this is the mean- 
ing that children attach to the phrase? If 
there is, his experience has been radically 
different than the writer’s. 

Finally, we might cite an example of 
inconsistency in the teaching of the addi- 
tion of fractions. In the problem 1/2 plus 
3/4 we have the child think about unlike 


* Sueltz, Ben A., ‘Functional Evaluation in 
Mathematics,” Test I—Quantitative Under- 
standing, Educational Test Bureau, Educational 
Publishers, Inc. 
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parts first. He then changes one fraction to 
an equivalent fraction with like parts, 2/4. 
He now has 5/4. Then he divides 4 into 
5 and gets 1 1/4. This last maneuver re- 
quires an entirely different interpretation 
of the fraction than the interpretation 
which requires him to change to like parts. 
The child is now using the second meaning 
of the fraction, an expressed division. 
(Buckingham‘ gives an excellent account 
of the various interpretations of the frac- 
tion.) While this is good mathematics, the 
good teacher should be aware of this 
switch in interpretation and take great 
pains to point it out. But first there cer- 
tainly should be some work of the type: 
5/4 is 4/4 and 1/4. 4/4 is 1 therefore 5/4 
is 1 and 1/4. This is consistent with the 
meaning of fourth. To then demonstrate 
that we can achieve the same result by 
regarding 5/4 as a division problem, 
would be, it seems, good teaching. 


The Anatomy of a Fraction 


It is surprising to find many ninth grade 
children who cannot explain what the top 
number of a fraction represents or what 
the bottom number represents. They can 
easily repeat the words numerator and 
denominator and believe that they have 
said something meaningful. But when 
pressed as to the significance of these 
labels in terms of understanding what they 
are doing, nearly every ninth grader that 
the writer has interviewed is hard pressed 


for an adequate explanation. Numerator’ 


tells how many and denominator tells what 
kind or type. The Latin origins of both 
words are obvious. It seems that children 
ought to know at least the meaning of 
words they use very freely. 

Of what does a fraction consist? Early 
in the school experience of a child he ought 
to have in his hands an object such as a 
piece of fiberboard two feet long which 
represents unity or “‘one’’ or a whole thing. 
Burdette R. 


Buckingham, “Elementary 


‘Arithmetic, Its Meaning and Practice,” Ginn 


and Company, 1953, pp. 242-246. 


115 


Accompanying this basic piece would be 
two pieces one foot long, each labeled one 
half. 


Then four pieces each labeled one fourth. 


nie 


4 4 4 4 


In the beginning the teacher might take 
the option of blank pieces with no labels. 
Beaverboard can take chalk writing and 
the labels can be applied as the class is able 
to identify the fractions by comparison to 
the original basic unit. For example, this 
piece is one half the big piece. When as- 
sembled side by side on an easel or on the 
child’s desk these pieces would appear as 
shown. 


tol 


In the discussions that would certainly 
follow there are obvious teaching situa- 
tions concerning the relationship between 
these pieces. But the teacher must channel 
the discussion to the meaning of the writ- 
ten symbol of a fraction, say 3/4. Cer- 
tainly most children will have seen this 
symbol many times both in and out of 
school before this projected discussion 
would occur. They are then ready to look 
into the make-up of the fraction. 

Any child can be asked to write on the 
board what the label or name of a par- 
ticular piece is. Let us take the fiberboard 
representing one-half. The child might 
write the symbol 1/2 or he might write 
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“one half” or he might even write ‘1 
half.” He might say ‘“‘one half’’ and not be 
able to write it in either arithmetical sym- 
bols or words. In any event expert ques- 
tioning by the teacher would bring out the 
following points: 

(1) When we write ‘one half’? we are 
saying we have one of this particular 
size (in relation to the whole). 

(2) When we write 4, even though we 
write the word one as “1,”’ we are using 
2 as a shortcut for saying a half. (The 
mathematical meaning of one divided 
by two would be confusing at this 
point. We are attempting to bring 
meaning to the reading of the fraction 
as it is usually read, that is, one-half.) 


The children ought to discuss why it is 
important to record correctly the number 
of the things we have. Holding up two of 
the fourths and then three of the fourths 
makes it clear that two of anything and 
three of anything (even in fractional 
parts) is not the same thing. Then the 
children ought to discuss why it is im- 
portant to record correctly the size or type 
of part we have. By comparing one piece 
representing the half and one piece repre- 
senting the fourth, most children can see 
the necessity of being sure that just saying 
“T have one piece’”’ is an inadequate de- 
scription. The size of the piece is impor- 
tant. 

Several periods of this type of discussion 
should lead to the generalization that the 
top number of a fraction represents how 
many parts we have and the bottom num- 
ber represents what kind of parts we have. 
When we write 3/4 , we are saying we have 
three of this kind or size. Considerable 
drill might follow in answering such ques- 
tions as: 

(1) How many pieces do we have in this 

fraction? 


(2) What kind or size pieces do we have in 
this fraction? 


The writer thinks it is abundantly clear 
that this method of presentation is su- 
perior to the method of explaining where 
the numerator and denominator are and 
then plunging into “least common de- 


Tue ARITHMETIC TEACHER 


nominators” and other specialized termi- 
nology. 

We have noted previously that a frac- 
tion is also an expressed division. This 
meaning can be explored more easily. We 
can ask anyone to divide six by three by 
writing 6/3 or we can ask anyone to divide 
three by four by writing 3/4. That the bar 
means division is easily accepted much as 
+ means add. These symbols do not have 
the organic importance to later processes 
with fractions such as addition that the 
correct meaning of numerator and de- 
nominator have. 


Addition and Subtractions of Fractions 


Having at least explored the message in 
the symbols 3/4 and 1/2, a child is ready 
to look into the matter of combining or 
adding them together. By this stage our 
fractional board would contain eighths 
and possibly sixteenths. 

The question now is, ‘‘What do we get 
when we add 1/2 and 1/4?’’ Most of the 
children readily see from the board that 
we get 3/4. But there are certain sub- 
tilties in this quick conclusion which form 
the foundation for understanding the 
whole process of addition and subtraction 
of fractions. For example, we have one of 
one thing and one of another. (Teacher 
would hold up the necessary half and 
fourth.) Is it not true that we have two 
pieces? How can we say we have three 
pieces which is what 3/4 means? Can we 
say we have two halves or two fourths? 
No, there is one half in one hand and one 
fourth in the other. Why can’t we just 
add and say one and one are two? We need 
not labor the point but certainly most 
children will agree that to add these things 
we must have the same kind of parts. 
Thus, to have 3 pieces of the fourth size 
and 3 more pieces of the fourth size on 
hand and to have the children record the 
total number of 6/4 reinforces the idea. 
As we get into more advanced fractions 
such as 2/3 plus 3/4, examples on the 
child’s level might also include the problem 
of adding two boys and three girls. We now 
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have five of what thing? Certainly not 
boys, nor girls. Each label or name would 
be incorrect. We have to find a new label 
to represent the total, five people. 

That this fundamental meaning is not 
clear to children who have had eight years 
of arithmetic is well known to the ninth 
year teacher who asks, “In the problem 
3/4 plus 3/4 why can’t we add the bottom 
numbers?” But can we blame the children 
when probably their first brush with addi- 
tion of fractions in a formal way involved 
“common denominators’? and a process 
one student referred to as the ‘‘backwards 
Z”’ method? This type of mumbo-jumbo 
is hardly conducive to meaningful addition 
of fractions. 


Breaking Fractions up into Smaller Pieces 


If the child realizes that he cannot add 
3/4 and 1/2 in their present state because 
they are not the same size part, he is im- 
mediately confronted with the problem of 
changing them into identically sized 
pieces. His experience almost intuitively 
tells him 1/2 is two fourths. And we ought 
to proceed with this type of situation for a 
while in order to give the pupil time to 
accustom himself to the necessity of break- 
ing some fractions into smaller pieces. ‘i‘he 
fraction board is of great value here. He 
can literally see that an eighth is smaller 
than a fourth. In due time he arrives at 
the important generalization that to break 
a fraction up into other pieces for addition 
purposes usually involves breaking it up 
into a larger number of smaller pieces. We 
cannot hurry understanding at this stage. 
We must be reasonably certain that every 
child sees that we can consider changing 
a fraction to other size pieces, and, more 
important, we must be certain that every 
child actually does this with fiberboard 
pieces. 

But somewhere a method has to be de- 
veloped that will enable the child to 
change a fraction such as 2/3 to 12ths 
without referring to a fractional board. We 
can stimulate this predicament by having 
him try to add 1/2 and 1/3 without any 


fiberboard pieces representing  sixths. 
Questions now arise: 
(1) What size pieces shall we break these 
into? 
(2) How many will we get of each from 
3 and 4? 
(3) Can we add them the way they are? 
(Review of a concept) 


Again without laboring the point the 
teacher must lead to the manipulative 
axiom fundamental to all work with frac- 
tions. We may always multiply top and 
bottom of a fraction by the same number and 
be sure the resulting fraction has the same 
value as the fraction with which we started. 
This will take time but it is worth it. Thus, 
the child who knows that 1/2 equals 2/4 
can be made to see that if he multiplies top 
and bottom of 1/2 by 2 he achieves 2/4 


which he knows is the same value. L 


It may be argued that teaching this 
manipulation introduces a break in mean- 
ing and an artificial device. Yet, it is a 
sound mathematical maneuver used ex- 
tensively throughout all of mathematics. 
The child does have the assurance that 
it does produce reasonable results because 
he sees on the fraction board that 1/2 is 
2/4 or that 3/4 is 6/8. He can have reason- 
able faith in its use. Indeed some might 
even note from the fraction board the 
reason for its effectiveness. But this can 
be left for a more mature age. 

Certainly this method is superior to the 
method earlier referred to as the ‘‘back- 
wards Z’’ method. While most of us do not 
use this colorful name, we were proba- 
bly taught to change fractions in this 
manner, Take the fraction 3/4 which we 
wish to change to one with the 
denominator 8. We divide 4 in- 


to 8 and get 2. We then multi- #--> ¢ 


ply the three by 2 and get 6 

which we put over the eight. If we trace 
the path of operations we can note the 
origin of the term “backwards Z.”’ Some 
may contend that this is no more artificial 
than multiplying top and bottom by the 
same number. Perhaps, but certainly the 
“Z’’ method does not have the sound uni- 
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versal application to fraction work that 
the latter does. Indeed, with the tool of 
multiplying or dividing top and bottom of 
a fraction by the same number, every 
process with fractions can be accom- 
plished. It is the one thing we can do and 
be sure we have retained the original value 
of the quantity we set about to break 
down. Buckingham calls this law the 
“Golden Rule of Fractions.’’® Its universal 
applicability to fraction work makes it a 
valuable idea to give children for all their 
future mathematics. 


Summary 

In 1928, a long time ago, Brueckner 
made an exhaustive analysis of error in 
fractions compiling tremendous tables 
itemizing each type of error.6 The total 
number of errors analysed was 21,005. 
Such items as lack of comprehension of 
process involvec, difficulty in reducing 
fractions to lowest terms, difficulty with 
improper fractions and computational 
errors were investigated. Brueckner ob- 
serves, ‘‘All pupils make errors for a great 
variety of reasons. The reasons vary from 
lack of knowledge of fundamental facts to 
peculiar methods of work due to such 
psychological difficulties as faulty atten- 
tion span, roundabout procedure and lack 
of power.’’? In the intervening years we 
haven’t done too much about the peculiar 
methods of work, roundabout procedures 
and lack of knowledge in the realm of 
fractions. Our processes with fractions re- 
main about the same. 

This paper, which restricted itself to 
certain basic facts up to the multiplication 
of fractions, is a plea to: 


- (1) Eliminate many of the terms and ideas 
in fraction work which tend to confuse 


5 Op. cit., p. 249. 

6 Brueckner, Leo J., ‘‘Analysis of Errors in 
Fractions,” Elementary School Journal, 28: 
760-70, 1928. 

7 Ibid., page 760. 


children. Among these are the use of 
the words numerator and denominator 
at too early an age, the phrases “least 
common denominator,” “reduce to 
lowest terms” and “‘invert.’’ 

(2) See that before a child deals with frac- 
tions he understandstwo interpretations 
of a fraction (a) so many of a particular 
kind, and (b) divide the top number by 
the bottom number. 

(3) See that before a child adds or sub- 
tracts fractions he must understand 
that we can only add like things. The 
bottom number represents sizes of 
parts and cannot be added in the ordi- 
nary sense. We may change so many 
of any particular kind to any other kind 
we wish. We choose particular kinds 
because they are easier to work with. 

(4) Give a child a concrete aid such as a 
fraction board so that he may visual- 
ize the meaning of the numerator and 
denominator before he deals with frac- 
tions. 

(5) Emphasize the importance of the 
fractional axiom, that we may multiply 
or divide the numerator and denomina- 
tor by the same number without chang- 
ing the value of the fraction. 

(6) Proceed more slowly in the earlier 
stages of fraction work. Be certain of a 
background of handling fractional 
material that will provide the basis for 
later manipulations with fractions. 
Use these aids so that they give mean- 
ing to computational methods. 


Epiror’s Nore. Mr. Latino points out the 
need for clarifying the meaning and significance 
we attach to certain expressions we use in work 
with fractions. He is concerned with the logical 
inferences that children are apt to make about 
such things as ‘‘the least common denominator.”’ 
Is he overly concerned? Do children in the ele- 
mentary school become befuddled by the ex- 
pressions which they only partially understand? 
Should complete understanding be stressed in 
the elementary school or should the more refined 
understandings be left for the grades of the 
junior and senior high school? Do we need some 
new terminology in fractions? Certainly, Mr. 
Latino is right in his desire for children to un- 
derstand and to see sense in what they are 
doing rather than in merely following rules that 
adults have established. While children’s meth- 
ods are often cumbersome, these same methods 
and explanations may often be much more sig- 
nificant to them than the refined techniques 
commonly used by adults. 
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An Experiment with Hand-Tally Counters 


BARBARA HOOPER 
Mackay School, Tenafly, N. J. 


HO EVER HEARD OF GIVING twenty- 
Vile children in first grade their 


very own calculators with which to work 
and to learn? It was done, and resulted in 
a basic concept in place value, a beginning 
knowledge in the use of such accurate 
machines, a way to see the processes of 
various number problems, and we played 
at numbers with the excitement and pleas- 
ure and downright good time of a rousing 
game of Red Rover! 

These small machines—we called them 
‘“‘clickers’’—are palm-sized devices used in 
more adult circles for counting such 
things as numbers of customers entering a 
store, or attendance at concerts. With each 
press of the thumb a number appears in 
one of the four places up to 9,999. They 
click softly and pleasantly with each appli- 
cation of pressure. The numbers are large 
enough to be seen by six-year-old eyes 
easily. They are printed numbers, not 
manuscript which proved to be worth- 
while. 

Did you ever see a youngster watching 
as a grown-up tap-tapped away at a type- 
writer? What a fascinating, mysterious 
instrument it seemed—and when the adult 
had left it idle, the child with the same 
businesslike air tried the tapping with the 
same degree of studied efficiency—loving 
the “grownupness’”’ of it, though scarcely 
understanding the use. 

So it was with the tally counters, but 
there was a distinct advantage. All the 
fascination and delight was there, but 
these small devices were simple enough so 
that we knew what we were doing. 

As a learning device, it has a well- 
rounded personality. As the eyes see the 
number, the ears hear the click and the 
fingers do the pushing to achieve it all. To 
get each number, then, requires—as they 


say in education, audio, visual, and kines- 
thetic responses. The little machine is 
well-suited to the physical needs of the 
little ones. It fits nicely over the two mid- 
dle fingers, and is easy to push. 

Naturally, it precludes a well-founded 
knowledge of what numbers are—some- 
thing gained only through concrete ex- 
periences. But after this foundation is 
achieved the ‘clickers’? have many and 
varied uses. This is how they were used in 
one first grade. 

The initial presentation of the device 
was made with three main points in mind. 
1. Gaining a certain facility with the 
mechanics and use of the machine. For 
example, learning what “clear your ma- 
chine’ means. 2. Introducing ideas of 
what the machine was used for in its more 
usual environment. 3. Getting some of the 
at-random fascination for just clicking out 
of our system, so that at the next lesson 
we could move ahead more rapidly. The 
results: an excited, happy bunch of busily 
clicking children. It sounded like an office 
full of secretaries who loved their jobs and 
who let oh’s and ah’s come out with sur- 
prising frequency. 

The next lesson was the beginning of the 
teaching of place value—the ten’s system. 
Four little boxes were drawn on the board 
(roofs and chimneys added just for fun). 
Above the boxes, or houses as we called 
them, was written: one’s, ten’s, hundred’s, 
and thousand’s. ‘‘Only one’s can live in the 
one’s house, and when there are nine one’s 
—well, there’s just not enough room for 
another one—and that family, now a ten 
moves to the next house, the ten’s house.”’ 
We stuck to the one’s and ten’s houses for 
the next few lessons. The children pointed 
out the houses on their individual ma- 
chines. We began clicking in unison (it 
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sounded now somewhat like a regimented 
tap dance school). As we clicked to five I 
told them the simple story of five. (The 
story of five is that there are five ones in 
the one’s house.) The excitement was at 
high pitch when we came to ten, because 
the one’s family just moved out bag and 
baggage, leaving nothing at all (0), and 
sure enough, there was one ten family in 
the ten’s house. So it went in future les- 
sons, telling stories of numbers, until the 
young ones were able to read any number 
at all starting with the thousand’s house 
and reading down the street, so to speak. 
It was exciting and thrilling, and they 
could watch those numbers moving around 
—for they were right there in the hand, to 
feel and hear and see. 

After this number story telling had been 
practiced, it seemed there was a haziness 
about “quantity’’ of one’s and ten’s and 
hundred’s. Just exactly what made one 
ten different from one one other than the 
fact they were in different places? This is 
what we did in first grade to make the dif- 
ference more clear and to show the quan- 
tity of a ten as opposed to the ‘‘oneness”’ 
of a one. I built a giant machine of sorts 
in the front of the room. It was simply 
three bowls of graduated sizes and dif- 
ferent colors (pyrex mixing bowls). The 
smallest was for the one’s, (just as the 
smallest wheel inside the machine is for 
the one’s), the middle-sized was for the 
ten’s, and the largest for the hundred’s. 
As the children clicked, I dropped lima 
beans into the one’s bowl. When there were 
ten lima beans, they were put into a small 
paper cup and transferred to the ten’s 
bowl. Here was 1 ten, but 10 ones. In 
further lessons we carried this to ten paper 
cups—one hundred lima beans, all in one 
paper sack, which was put into the hun- 
dred’s bowl. This procedure was clicked 
through and the number story was told at 
each fifth place. ““‘What’s the story of 95?” 
“Well, there are 9 ten’s in the ten’s house, 
and 5 one’sin the one’s house.” “‘How many 
ones, or lima beans, make 9 tens?” “90.” 

These are only two examples of the 
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gaining of an advanced concept. There 
were many uses for these ‘‘clickers’’ in the 
first grade. Practice with the mechanics of 
counting. Practice in counting by two’s, 
by five’s, and by ten’s—always while 
watching the process even though you skip 
for speed, the saying of what goes in 
between. 

On occasions when there was a need to 
count money brought in by the group, the 
“clickers” helped us know how much 
money we should have to check against 
the actual answer we came up with in the 
counting. 

The “clickers” were a boon to the slow 
learners who considered it a great privilege 
to go to the back of the room and count in 
the store. It eased the strain of writing 
numbers down for them, yet gave the same 
tie-up between the symbol and the sound. 
And they were in actuality counting some- 
thing partially concrete when they counted 
each “push.” 

In my opinion, the “clickers’’ are an ex- 
pedient device. The results they brought 
about were worth while and their efficiency 
in bringing them about was remarkable. 
They were an incentive as well as an aid to 
learning. They have an individual appeal 
and a personal quality. They are expedi- 
ent. Their relatively high initial cost is 
about the same as the investment in a 
good textbook. However, one set of 
“clickers” could be used by many classes 
and their life expectancy would be much 
longer than a workbook or other indi- 
vidual aid to learning. 


Epitor’s Note. Yes, the little ‘‘clickers”’ 
combine audio, visual, and kinesthetic avenues 
of learning. For certain children the sense of 
touch seems to quicken the mind. Perhaps it is 
merely the satisfyingness of touching something 
but it may be much more than that. Our psy- 
chologists have not sufficiently investigated the 
various modes or avenues of learning singly and 
in combination. It is easily apparent that pupils 
working with Miss Hooper enjoy their work in 
arithmetic. Some teachers may not agree with 
her early introduction of numbers in the hun- 
dreds. However, this seems a natural extension 
when tally-counters are used and the ten’s 
principle of the number system is being learned. 
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Requiring Proof of Understanding 


OLAN Perry 
Duke University, Durham, N. C. 


HE AMERICAN SCHOOL is often criti- 
‘aaa for failing to help children de- 
velop study habits which enable them to 
do independent, logical thinking. Teachers 
of a given grade are inclined to blame in- 
structors of the preceding grade for the 
child’s inability to grapple with simple 
principles of logic and independence of 
thought. Complaints concerning the 
child’s lack of ability to solve problems 
dealing with quantitative situations come 
from many quarters. Often teachers make 
the remark: “‘My children do fairly well 
with the arithmetical computation in- 
volved in solving examples but they have 
much difficulty with the solution of ‘verbal 
problems’ in arithmetic.’’ The expression 
“verbal problems” is generally employed 
to refer to the word description of a quan- 
titative stituation for which the solution 
is not indicated. It is to be regretted that 
arithmetical verbal problems are not 
solved with less difficulty; however, it is 
equally regrettable that children do not 
understand what is involved in the various 
processes and operations indicated by use 
of abstract symbols. The fact is that many 
teachers are not aware of what is actually 
involved in the several arithmetical opera- 
tions and processes they attempt to teach. 
Several practices which may belp children 
to understand better why they do certain 
things in arithmetic, as well as help them 
to see what is involved in the fundamental 
operations performed with the abstract 
symbols, will be indicated. 


Demonstration Versus Discovery 


The ‘“‘demonstration method”’ of teach- 
ing arithmetic as it is practiced in most of 
the elementary schools today fails in many 
instances to help the child to see the reas- 
ons for the various operations in arith- 


metic and to appreciate different arith- 
metical relationships. Performing cor- 
rectly the steps required for solving 
problems and examples does not always 
indicate complete understanding on the 
part of the child. One should, however, 
appreciate the fact that the ‘demon- 
stration method”’ develops, at least, some 
understanding of arithmetic. 

The “discovery approach”’ to the teach- 
ing of arithmetic, which is advocated by 
many writers in the field, places much 
emphasis upon meaning and understand- 
ing. Meaning is generally defined as seeing 
reasons for what is done, while under- 
standing is defined as seeing relationships 
that exist. Perhaps these definitions may 
be restricted too much to please some 
persons. 

Children should see reasons for what 
they do in arithmetic and, also, be aware 
of relationships existing between various 
arithmetical processes and operations. For 
example, the child should see it is better 


under certain circumstances to regroup or | 


rearrange 6 and 7 to become 13 rather than 
to retain the two distinct groups of 6 and 
7. In other words, the child while learning 
the addition facts should see that addition 
in the arithmetic program is a process of 
regrouping or rearranging. 

Similarly, it is desirable for children to 
see existing relationships between certain 
operations such as between addition and 
multiplication. No parent or teacher 
should be discouraged or alarmed about 
the child who, when he first comes face to 
face with a quantitative situation that 
best would be solved by multiplication, 
resorts to addition to arrive at the correct 
answer. Any understanding person should 
readily see that the answer to 6 X7 can be 
obtained by 7+7+7+7+7-+7. Since the 
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child has already had the addition facts 
before encountering the multiplication 
facts, it is reasonable to suppose that he 
could arrive at the answers for all the 
multiplication facts by addition, even 
though it be a longer process for him. It is 
not advocated that children should solve 
. multiplication examples and problems by 
addition; however, teachers and parents 
should appreciate the ability of the child 
who sees that 6X7 means six groups of 7’s 
are to be regrouped or rearranged to be- 
come 42, which, in terms of the number 
system, is four 10’s and two ones. 

In the initial study of the multiplication 
facts pupils may very well come to under- 
stand the process of multiplication better 


if they see the relationship between multi- , 


plication and addition. No doubt one of 
the chief purposes of the arithmetic pro- 
gram should be to help the child see all 
these existing relationships. The typical 
demonstration method of teaching arith- 
metic in the schools today often enters 
upon meaningless drill and practice on 
processes or operations before there is any 
understanding of what is actually taking 
place in the processes or operations. 


“Proof” of Understanding 


How best can the child’s understanding 
of what he does in arithmetic be developed 
and checked? The advocates of the ‘‘dis- 
covery method”’ suggest that the child be 
required to give “proof’’ that he under- 
stands what the problem or example is 
asking, as well as to give “‘proof”’ that his 
answer to a problem or example is correct. 
This “‘proof” of understanding of an arith- 
metical process or operation is deemed 
necessary not only during the introduc- 
tory stages of learning but also during 
practice or drill work. 

The word “proof’’ as used in this dis- 
cussion may be subject to question by 


various persons; however, for lack of a- 


better term, “‘proof”’ in arithmetic work is 
employed to mean: 
1. Simply the rearrangement of objects 
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or marks to show a fact. (Exam- 
ples are from a child’s work.) 
Example: 


8+6=14 
=(1111 111111) 1111 
10+4=14 


In this example the child regroups 8 and 
6 in terms of the base of the number sys- 
tem. The new groups are one fen and four 
ones which is 14. 


Example: 

6X7 =42 
10 10 10 +2: 


_ The child indicates in the above illustra- 
ftion his understanding that in multiplica- 
tion of whole numbers a regrouping is re- 
quired. He also shows an understanding of 
the relationship between addition and 
multiplication of whole numbers. In the 
above example, the pupil has shown that 
he knows six groups of 7 ones are regrouped 
in terms of tens, the base of the number 
system. After the regrouping takes place, 
there are 4 tens and 2 ones, or forty-two. 

2. The use of pictures or other processes 
to prove understanding of prob- 
lem. 

Problem: John places 4 chairs in each 
of 3 rows. How many chairs does 


he use? 
Illustration: 
4 4 
x3 
12 or 8 
+4 
“12 


The student shows that he understands 
what is actually stated in the problem. The 
teacher can readily see that the child has 
not merely memorized the multiplication 
fact of 3X4=12. 
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3. The use of diagrams to indicate 
understanding. 
Example: 


co" 
ey 
~ 


SS 


In the diagram it can easily be seen that 
the shaded part is 3 of the whole rectangle. 
One half of the shaded part is } of the 
whole rectangle. Thus it can be said that 
3X4 or 3 of 4 of a whole is } of the whole. 

Several advantages should result from 
requiring children to prove their work and 
understanding by methods similar to the 
ones presented in the above examples. The 
following five appear to be the most ob- 
vious and significant advantages: (1) The 
children are not rushed through mathe- 
matical processes so hastily that they do 
not have time to get a real understanding 
of the processes. (2) The children use con- 
crete and semi-concrete procedures in ar- 
riving at answers, which in themselves 
make for better understanding. (3) The 


“proof method” is an excellent means by | 


which to get children to correct their own 
errors. (4) The teacher or parent may check 
the child’s understanding of a problem or a 
process by requiring him to prove his 
answer by using a diagram or drawing. (5) 
The requirements of ‘‘proof’’ of an answer 
to an arithmetical problem shows the ad- 


vantage of the shorter and more abstract | 


methods of working problems. 

The last advantage listed should be 
noted seriously because the advocates of 
the ‘‘discovery method” for the teaching of 
arithmetic do not suggest ‘‘proof” by con- 
crete and semi-concrete procedures in 
order to have less emphasis on work with 
the abstract symbols. ‘Proof’ as pre- 
sented in this discussion is advocated as a 
‘means to help the child better understand 
processes and operations indicated by the 
abstract symbols. 


The types of ‘“‘proof’’ which have been 
presented may well be employed by all 
teachers of arithmetic regardless of the 
general instructional method used in 
teaching the subject. 


Epitor’s Norse. Dr. Petty wants pupils to 
understand the meaning and significance of 
their work with numbers and he also wants them 
to show ‘“‘proof’’ that they understand. Perhaps 
“exidence” would be a better word than “‘proof”’ 
for his concept. However children seem to de- 
light in showing and “proving” that they know 
what they are doing. A serious question arises. 
Should all pupils try to understand and to ex- 
plain all of the operations of arithmetic or should 
we be content with explanations of only the 
simpler or more fundamental operations? 
Should we expect children of all mental levels 
to give explanations but which may be different 
for different levels of insight and ability? Is it 
true as we now suppose that the child who un- 
derstands has the ability to project his learning 
through understanding into related areas or 
into similar circumstances and that perhaps 
also he retains his learning longer than does the 
one who merely learns by rote repetition of the 
thinking of others? We need some serious 
research on several kinds or modes of learning 
and the implications thereof in terms of the 
kind of arithmetic we want children to learn. 


Some Hunters (probably statistically 
minded) reported they had shot ducks and 
deer that had 25 heads and 60 feet. How 
many of each did they shoot? 


Wuat Is THE DIFFERENCE between six 
dozen dozen and a half dozen dozen? 
Which is more valuable, half a silver dollar 
or a silver half dollar? Which is heavier, a 
pound of gold or a pound of feathers? 
Which is more, a quart of berries or a quart 
of vinegar? A year is often divided into 
quarters of three months each, which 
quarter is shortest? 


IF, ON THE AVERAGE, a hen and a half 
lays an egg and a half in a day and a half, 
how many eggs will a dozen hens lay in 
twelve days? 
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I Went to an Arithmetic Workshop 


ANNIE A. TAFFS 
East Setauket, Long Island, N. Y. 


N SUMMARIZING MY REACTIONS to the 
| arithmetic workshop I would begin by 
saying that I was getting a new point of 
view, a changed outlook on the whole field 
of arithmetic. I would go on to explain 
that this had involved first of all a sort of 
“re-view” or backward glance at my past 
experiences with this subject; then a kind 
of bird’s-eye view of the area of mathe- 
matics, followed by something like a 3-D 
view of the meaning of arithmetic as it 
confronts the child at school, and a pre- 
view of the possibilities regarding my fu- 
ture work in the classroom. 

The “‘re-view”’ had brought me the rath- 
er startling realization that up to now 
arithmetic had been for me just a set of 
convenient rules and procedures, and that 
in the classroom I had been concerned 
mostly with passing on to my children 
memorized skills that I had found to be 
valuable, taking it more or less for granted 
that they were also learning to apply 
them. 

The bird’s eye view, I would explain, 
referred to my seeing, for the first time, 
the Hindu-Arabic number system as a 
marvelous unified whole, a complex yet 
in essence surprisingly simple and logical 
structure built on the concepts of number 
symbols, a base of ten, and the three 
fundamental ideas of combining, separat- 
ing and comparing elements in quantita- 
tive situations. 


Behind the Paper and Pencil 


This view had led to the startling reali- 
zation that I had never before seen, behind 
all the paper-and-pencil arithmetic I 
had done, any indication of the vast realm 
of meaningful experiences with numbers, 
accumulated by the race during hundreds 
of thousands of years and condensed 
and organized into our unique number 


system. This “meaning-approach” had 
constituted a sort of 3-D view for me, 
making the familiar number-facts sudden- 
ly stand out, as it were, with a new reality. 
Immediately I had decided to look for 
ways in which I could translate this reali- 
zation into my work in the classroom. 

It now seemed strange indeed that I 
had never marveled at the fact that with 
ten number symbols it was possible to 
write numbers that denoted distances of 
astronomical proportions. The part played 
by positional value, and by the number 
ten as the base from which one started 
over and over again, had indeed been 
known to me in so far as it entered into 
the rules and procedures with which I was 
familiar. But the ‘“wonder’’ of this fact, 
and the absorbing interest it could hold 
for a child, and the immense value a 
realization of this fact could have in the 
early stages of number work, these were 
facets of the subject entirely new to me 
and they now presented marvelous possi- 
bilities. 

With the new view of the meaning of 
number symbols and particularly of ten 
as base had come the recognition of the 
paramount importance of counting in the 
early number experiences of children, 
counting on and counting back, counting 
up and up on a number ladder on which 
every tenth step was of particular im- 
portance, and then down again. Imper- 
ceptibly one then got into the process of 
addition and subtraction as_ perfectly 
natural ‘“‘shortcuts” in counting. Multipli- 
cation, too, could come later as the short 
cut par excellence, followed by the inverse 
process of taking the product apart in 
division. 

The intimate interrelationships existing 
among the fundamental operations in the 
field of arithmetic were another facet of 
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the subject that, while of course known 
to me in the functional sense, had been 
completely ‘“unrealized.’? What possibili- 
ties they presented for fascinating experi- 
ences in the classroom! And the simple 
postulates—simple yet tremendously sig- 
nificant—that underlie the Hindu-Arabic 
number system—they too were an asset, 
if properly understood, on which one 
could capitalize ad infinitum. If addends, 
minuends, subtrahends, multiplicands, and 
multipliers could be separated into any 
number of smaller parts, and the required 
operations performed on these, and the 
partial answers put together in any order, 
then how simple many computations could 
be made to be! Why, one could even do 
them in one’s head! That was much more 
interesting than figuring them out with 
pencil and paper. They could be done in 
so many different ways. One could put 
these ways down and compare them to 
see which was the best way, the clearest, 
perhaps; or the simplest, or the shortest. 

As the implications of these postulates 
had penetrated more and more into my 
thinking, I had resolved to do much more 
in the way of mental computation in the 
classroom than I had ever done before 
with my children. I now saw the tremen- 
dous value, too, of encouraging estimated 
answers, starting even with patently 
absurd guesses and refining them to closer 
estimates; testing them by thinking that 
made sense; doing many, many examples 
based on experiences that were real to 
children of the Third Grade and develop- 
ing in them the habit of “thinking 
through” quantitative aspects to reach 
reasonable approximations and answers 
that had meaning. The records of their 
thinking, put on the board, could then 
be gradually matched up then to simpler 
forms till finally the standard algorisms 
were reached. And all this could be fun! 


Insight and Thinking 


Members of the workshop found it 
quite thrilling to arrive at answers by this 
process. It had been a real challenge to 


discover for ourselves the reasons behind 
various mathematical facts and rules— 
why, for instance, a multiplier always 
had to be abstract, and why a zero divisor 
constituted the one great exception in the 
logical structure of our number system. 
At times the period of confusion preceding 
learning had seemed rather long, as when 
we were trying to separate in our minds 
the two concepts involved in division— 
partitioning a dividend into a given num- 
ber of equal parts, and comparing or 
measuring off a dividend in terms of a 
given divisor of the same denomination. 
But in the relaxed atmosphere of the 
classroom our confusion had become a 
source of merriment; and by skillful ques- 
tioning we had been led to resolve our 
difficulties without undue embarrassment. 
In the process we had again seen demon- 
strated how there are many different 
ways of “thinking through” a problem to 
which one has never learned the answer, 
and many good algorisms or ways of 
recording the thinking in written form. 
The important thing was that the “think- 
ing out” was done and that it was guided 
till it became clear, straight thinking. 

This was to me the most fundamental 
insight gained by me this summer with 
regard to number work in my own class- 
room. I now intend to encourage my 
Third Graders to approach all quantita- 
tive situations in their experience, in the 
classroom and outside, from the “thinking 
out”? angle. Hundreds of problems that 
have meaning for them can be worked 
out by us in the classroom, the majority 
of them by mental computation. Often 
the same problem can be developed by 
slight alterations into many similar exam- 
ples, varied to suit the different levels of 
maturity evidenced by pupils, so that 
all will be involved and challenged. I 
venture to hope that my next year’s class 
will end the school year with considerably 
more understanding of the meaning of 
quantitative situations and greater power 
in thinking their way through them than 
the class I said goodbye to in June. 


‘a 


q 
i 
q 
j 
Si 
) 
t 
l 
> 
> 
- 
| 
| 
> 
’ 
| 
| 
of 


Can 2+2 = 11? 


G. T. BuckLanp 
Appalachian State Teachers College, Boone, N. C. 


OR MANY MILLIONS OF PEOPLE the sum 
Fc 2+2 has always been 4. When a 
statement like this is made there arise 
many questions in the minds of even the 
least curious. Questions such as_ these: 
If two plus two isn’t four what can it be? 
How can it be anything else? Can you 
show that it can be otherwise? Do you 
have to be a “mathemagician”’ to show 
that 2+2 can be other than 4? The an- 
swers rest in the solemn thought that 2+2 
is 4 because of the viewpoint taken. With- 
out any twisting of figures, or without any 
magic, it can very easily be shown that 
2+2 can be 11 as well as 4. By the best 
rules 2+2=4 is only a matter of view- 
point. An analogy suggests itself. If we 
take a trip to an amusement park and cast 
a glance at a distortion mirror we don’t see 
ourselves as we think ourselves to be. In- 
stead our positions might be reversed 
and we might find ourselves tall and 
skinny or short and pudgy when all the 
time we have been thinking otherwise. 
In other words we have received just 
another viewpoint on an old subject. 

Now going back to 2+2=4. This has 
been our old viewpoint when 10 is used 
as the base of our number system. There 
is a probability that we use base 10 be- 
cause our ten fingers were very handy and 
could be put into practical use in the proc- 
ess of counting. As a matter of brief re- 
view a statement will be made concerning 
base 10. The figures used in base 10 are 
familiar to all of us. They are 0, 1, 2, 3, 4, 
5, 6, 7, 8, 9. Then in order to count be- 
yond the 9 we begin the process of pre- 
fixing the digit 1 as follows: 10, 11, 12, 
13, 14, 15, 16, 17, 18, 19. After passing 
19, we begin anew by prefixing the digit 2, 
as follows: 20, 21, - - - , 29 etc. The ques- 
tion on just how the process of addition is 


performed presents itself. For example, 
when we add (base 10) this generally is 
the procedure that we follow even though 
we don’t realize these computations are 
taking place since many of the addition 
facts have been memorized: 


011 


384 
259 


643 


4+9=13; divide the 13 by your base (10 in 
this case) which gives 1 (to carry) and a 
remainder of 3. This residue (3) is brought 
down under the 9+4. In the tens column 
we add 1+8+5=14; divide the 14 by 
your base (10) which gives 1 (to carry) 
and a residue of 4. This 4 is brough down 
under the 8+5. Proceeding to the hundred 
column we have 1+3+2=6; divide the 6 
by the base (10) which goes 0 times with a 
residue of 6. The six is brought down under 
the 3+2 and the 0 is carried. The zero 
drops due to the fact there isn’t anything 
to add it to. 

Going back to 2+2= something other 
than 4, take 11 for example. Can it be pos- 
sible that 2+2=11? Yes, it is possible 
and just as feasible as 2+2=4. To better 
understand why 2+2=11, it will be neces- 
sary to make a few observations or to take 
another viewpoint of bases in reference to 
number systems. In base 3, for example, 
we are acquainted only with the digits 0, 1, 
2. Remember in base 10, we were ac- 
quainted only with the digits 0, 1, 2, 3, 4, 
5, 6, 7, 8, 9. Therefore to count in base 3 
we would proceed as follows: 


0, 1, 2 
10, 11, 12 
20, 21, 22 


100, 101, 102 ete. 
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The same procedure in addition in base 
3 (or any other base) is that as followed 
above for base 10. Therefore to add 
(base 3) 


When we add 2+2 we get 4. As indicated 
in base 10 above we divide the 4 by our 
base (3 in this case) which gives 1 (to 
carry) and a residue of one which is 
brought down under the 2+2. In the sec- 
ond column we have only the 1 which is 
brought down in the answer. Therefore, 
depending on the viewpoint taken, 2+2 
=4 (base 10) or 2+2=11 (base 3). There 
are two handy methods of checking your 
results that might be of interest. First, 
to show that 2+2=4 (base 10) set down 
the digits and by simply marking off 


0, |1, 2,| |3, 4] 5, 6, 7, 8, 9 ete. 


By counting the first éwo numbers and then 
two more we arrive at our answer 4 (base 
10). Likewise, with 2+2=11 (base 3). 
Proceed by setting down a few of the 
digits encountered in base 3 as follows: 


0,/1, 2 
110, 11,| 12 
20, 21, 22, ete 


Then, as previously observed in base 10, 
we mark off two digits and follow this by 
marking off two more digits. Therefore 
the result 2+2=11 (base 3). 

Another method used in checking might 
be noted. The problems here involved 
would be to show (a) that 11(base 3) is 
the same as 4(base 10) and (b) that 4(base 
10) is identical to 11(base 3). 

Taking problem (a) 11(base 3) =? Going 
back for review in numeration in base 10, 
for an instant, you recall that if we have 
a number, for example 324, it is enumer- 
ated as follows: 


3 (hundreds) 2 (tens) 4 (units) 
which means 


4X 1 (units) = 4 

+2X 10 (base) 20 

+3X 100 (base squared) = 300 

324 
The same procedure is followed in 
1l(base 3). We don’t speak of tens, 
hundred, etc. in base 3 for this terminology 
is reserved for base 10 only. Instead we 


proceed to enumerate as follows with the 
number 11(base 3): 


1X1 (units) =1 
+1X3 (base) =3 
4 


I 


Therefore in changing 11(base 3) to the 
ten’s scale we find it to be 4(base 10). 
The method used to change 4(base 10) 
to another base, say base 3, is a process of 
division. The procedure is as follows: 
Change 4(base 10) to base 3. Set down 
the number (base 10) that is to be changed. 


.This number is to be divided by the new 


base (3 in this case). For example:4+3 =1 
(three) and 1 (unit) remaining. In the 
number 11, on the base 3, the left digit 1 
indicates a value of 3 (the base) and the 
right digit / indicates a value of 1 or a total 
of 4 as we think of this in terms of our 
ordinary base 10 numbers and hence 
11(base 3) =4(base 10). 

The procedure outlined above can be 
used in changing from one base to another 
or for addition in different scales. A similar 
procedure is followed in working with the 
other fundamental operations in arith- 
metic. 

The value of a clear understanding of 
different bases is two-fold. First, by under- 
standing thoroughly the possibilities in- 
volved in operating in other scales the 
teacher receives a better understanding of 
the intricacies involved in our own base 
10. Secondly, the teacher can better 
understand the difficulties involved in 
addition (and the other fundamental 
operations) as encountered by young 
children. 
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An Approach to Per Cents 


WILBuR 
Highland Park, New Jersey 


N MOST SCHOOLS we teach fractions, 

decimals and percentage in this order. 
It is a logical sequence leading from the 
general case to a more restrictive case. 

Many times these very names will 
cause trembling—partly from fear and 
partly from the thrill of some new experi- 
ence. 

After reasonable skills are developed in 
manipulating fractions we can show that 
the decimals are a hand-picked group of 
fractions. Since decimals are a selected 
group, we should expect special properties 
and a refinement in the rules of operation. 

Given time and writing surface, it would 
be possible to write out all possible frac- 
tions in an array as shown: 


1/2, 1/3, 1/4---1/10- 


2/3, 2/4--+2/10-- 
3/4---3/10-- 
4/5---4/10-- 


If we now pick from this array only 
those fractions whose denominators are 
a power of 10. 10", n=1, 2, 3,---, we 
have the decimal group, 1/10”. 

We can show the relationship between 
these fractions and the decimal notation. 
1/10", when n=1, 1/10=.1; when n=2, 
1/100=.01, etc. This is a new way for 
writing the special grouping of common 
fractions—namely the decimals. 

A further selection can be made from 
the fraction array or the decimal group. 
This time only one classification—the hun- 
dredths where n =2. We give this exclusive 
group a special name—‘‘per cent.’’ Per 
cent means hundredths and we give it a 
special symbol, or badge of office—‘‘%.”’ 
Thus 15/100 =.15=15%. 


We can represent the entire field of 
fractions with a large square A, then deci- 
mals could be grouped within a smaller 
square B, and per cents, being a part of 
the decimals, can be represented by square 
C. Thus every per cent is a decimal and 
every decimal is a fraction as shown. 


A 


We can represent the entire student 
body as group A. Those that are inclined 
toward playing on school teams in group 
B, while those in group C are on the var- 
sity teams. Thus every boy in group C is 


- + 1/100 - - - 1/1000 ete. 


- 2/100 - - - 2/1000 - - - 


interested in sports and is a member of the 
student body. 

It is well to describe the symbol % to 
read per cent and to mean hundredths. 
Thus we can read 17% as 17 hundredths 
—.17 or 17/100 when solving problems. 
Our pupils know many symbols in other 
fields as in music, highway signs, scouting. 
This sign, % is another they should know 
and understand how to use. 


Epitor’s Nore. At what grade level is Mr. 
Hibbard’s presentation most suitable? Is it use- 
ful in the junior high school after pupils have 
developed an understanding of exponents? His 
pictorial scheme tends to suggest that decimal 
fractions are fewer in number than common 
fractions and that per cents are stil! fewer. Is this 
correct or is restrictive in terms of the analysis 
he has proposed? Can any decimal be expressed 
as a per cent and vice versa? 
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Learning Arithmetic from Kindergarten to Grade 6 


SucHART RATANAKUL 
Bangkok, Thailand 


FTER I STARTED to go to school, my 

life seemed to be the most unpleasant 

one. I had a very moody and terrible 

teacher. In my point of view, she never 

had good temper. She taught me arith- 
metic and everything else. 

As far as I can recall, my first contact 
with the number system was to learn how 
to write the numbers correctly from one to 
ten, without knowing what the symbols 
represented, just to try to copy the figures 
given by the teacher on the blackboard. 

The next step, when learning the opera- 
tions of addition, subtraction, multiplica- 
tion, and division, was to try to memorize 
exactly the way in which the teacher did 
them. I was not taught to know what the 
ones, the tens, and the hundreds really 
are. I just worked out the problems me- 
chanically. 

The only concrete materials known to 
me in those days were just fingers and 
toes. When the operation of multiplica- 
tion was introduced to our class, we were 
trained to be parrots. Every afternoon be- 
fore going home we had to recite the tables 
of multiplication from two to twelve 
without any understanding. 

The method of teaching arithmetic in 
those days was drill without understand- 
ing. I don’t think that understanding was 
recognized as an important part of learn- 
ing by any teachers, even the slightest bit. 

We learned arithmetic mechanically 
through punishment. When we missed 
any problems, we were beaten on the hand. 
The number of beats depended on the 
number of wrong answers. 

I began to enjoy learning arithmetic when 
I was in grade three, because I had a very 
kind and nice teacher. Later on I hated 
arithmetic again because I had a terrible 
teacher once more. The very thing I always 
remember is that whenever the teacher fin- 
ished her explanation, she asked the class to 


raise some questions and once I did. Instead 
of getting her helpful answer, she said that 
I did not understand and made an ugly face 
at me. I remember that I was very furious at 
her and since then I hated both the subject 
and the teacher. 

From my point of view, the attitudes of 


‘teachers have very much influence on the 


result of learning of children, especially 
very young children. The more the teach- 
ers gain favor in the pupil’s minds, the 
more they are successful in teaching. 

Certainly, the method of teaching goes 
along with the teacher’s attitude. The 
method used by most teachers in those 
days, in my country, was the method of 
wasting time: instead of trying to teach 
us to understand, they tried to force us to 
memorize and they spent a lot of time to 
check our memory, one by one. 

I never felt the atmosphere of freedom 
in my classroom but only that of punish- 
ment. 


Epitor’s Nore. When Professor Fehr of 
Teachers College, Columbia University received 
Miss Ratanakul’s statement of experience in 
learning arithmetic, he prepared the following 
comment. 

This is the story of a teacher from Thailand, 
but it could well be the story of teachers from 
every country in the world. The teaching of 
arithmetic, to more than 70% of all present ele- 
mentary teachers in the United States, by their 
own report has been: 


They did not understand what they were 
doing. 
There was no reliance or premium placed 
on thinking. 
The teaching was arbitrary; rote dicta- 
tions, drill. 
Arithmetic was copying number symbols; 
saying words in order; rote memory of 
facts; flash cards ad infinitum; borrowing 
and paying back; putting, placing; speed 
and more speed; tests and tests and tests; 
impossible word problems; a subject of 
punishment. 


Will our future citizens say the same of our 
present teaching? Let us hope not. 
Howarp F. Feur 
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Numbers for Beginners 


A |6mm SOUND MOTION PICTURE FOR PRIMARY GRADES 


NUMBERS FOR BEGINNERS is designed to assist 
the class in separating the idea of number from 
the counting of objects, and to visualize the rela- 
tionship between numbers. The picture sequences 
will aid and encourage the child to understand 
the concept of number so that he may intelligently 
use it in meaningful situations. 


Ask your Audio-Visual Director to buy a print for your film library 


Hunt. Productions 


EDUCATIONAL MOTION PICTURES 
6509 DE LONGPRE AVENUE HOLLYWOOD 28, CALIFORNIA 


Help the pupil learn arithmetic 
meaningfully 


SIZE 20” x 32” 


Grade | to 4 Requirement 


Pana-math is a versatile classroom counting 
frame for incidental learning of the important 
concepts of arithmetic. The ancient abacus is 
now adapted as a modern aid to visualize 
numbers, groups and relationships by actual 
arrangement of beads. Sturdily constructed of 
13/16” hardwood the frame has 10 removable 
push-spring rods each with 10 colorful beads. 
Specify Pana-math for all new or replacement 
counting frame equipment. (Pat. Pend. . . 
Reg. App. for) 

@ Time Teaching Clocks * Folding Easels 

Stoves * Sinks * Refrigerators 

Ironing Boards * Educational Toys 

Jig-saw Puzzles * Peg Boards 

Drawing Beards * Playhouse Screens 

Beods 


DEPARTMENT MT 


DAINTEE TOYS, INC. 


230 STEUBEN STREET, BROOKLYN 5, N. Y. 
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The 1955 EDITION of 
MAKING SURE OF ARITHMETIC 


TAKES 


1 New, challenging material for the more able pupil. 


It’s called “How Far Can You Go in Arithmetic?”— 
a special section in each textbook of the program, 
grades 3 to 8. 


And this “How Far Can You Go .. .?” material is 
carefully planned at each grade level to lead the 
bright pupil into deeper understanding of arith- 
metic—rather than ahead of his classmates. 


? New, time-saving guides for the busy teacher. 


The teacher opens to today’s lesson and sees: com- 
plete pages from the pupils’ book and, directly below 
them, all the teaching suggestions for those pages. 


Everything the teacher needs—where the teacher 
needs it—in each new Teacher’s Edition, grades 8 to 8. 


TWO MORE REASONS 
why MAKING SURE OF ARITHMETIC 


by MORTON, GRAY, SPRINGSTUN, and SCHAAF 


is today’s most successful arithmetic program. 


SILVER BURDETT COMPANY Morristown, New Jersey 


New York Chicago San Francisco Dallas Atlanta 
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Interest Teachers 
of _Aprithmetic 


HOW TO USE YOUR BULLETIN BOARD, by D. A. Johnson and C. E Olander 


Make a learning tool of your bulletin board. Discusses purposes, 
topics, supplies, “tricks of the trade.” Profusely illustrated. Will 
give you a wealth of ideas for the effective use of your bulletin 
board. 12 pages. 50¢ each. 


GUIDANCE PAMPHLET IN MATHEMATICS 


How can you teach for the future unless you know what mathe- 
matics your students will need for success in citizenship and in 
various vocations? Gives up-to-date data. Revised 1953. 46 pages. 
25¢ each. 


NUMBER STORIES OF LONG AGO, by David Eugene Smith 


This classic has just been printed for the third time. Gives a de- 
lightful account in story form of the probable history of numbers. 
Contains a section on number puzzles. For all ages. 160 pages. 75¢ 
each. 


EMERGING PRACTICES IN MATHEMATICS EDUCATION, Twenty-Second 
Yearbook of the National Council of Teachers of Mathematics 


Sixty-one teachers cooperated to share their successful experiences 
with you through this book. Contains practical suggestions and 
ideas. Has much material for the teaching of arithmetic. 448 pages. 
$4.50. $3.50 to members of the Council (one copy only). 


Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 
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